Prediction of Ideas Number During a Brainstorming Session by Ait-Haddou, Hassan et al.
 Open Archive TOULOUSE Archive Ouverte (OATAO) 
OATAO is an open access repository that collects the work of Toulouse researchers and
makes it freely available over the web where possible. 
This  is  an author-deposited version published in  :  http://oatao.univ-toulouse.fr/
Eprints ID : 12345
To link to this article : DOI :10.1007/s10726-012-9312-8    
URL : http://dx.doi.org/10.1007/s10726-012-9312-8
To cite this version : Ait-Haddou, Hassan and Camilleri, Guy and 
Zaraté, Pascale Prediction of Ideas Number During a Brainstorming 
Session. (2014) Group Decision and Negotiation, vol. 23 (n° 2). pp. 
271-298. ISSN 0926-2644 
Any correspondance concerning this service should be sent to the repository
administrator: staff-oatao@listes-diff.inp-toulouse.fr
3UHGLFWLRQ RI ,GHDV 1XPEHU 'XULQJ D %UDLQVWRUPLQJ
6HVVLRQ
+DVVDQ $LW +DGGRX · *X\ &DPLOOHUL ·
3DVFDOH =DUDWp
$EVWUDFW ,Q WKLV SDSHU ZH SUHVHQW DQ DSSURDFK DOORZLQJ WKH SUHGLFWLRQ RI LGHDV
QXPEHU GXULQJ D EUDLQVWRUPLQJ VHVVLRQ 7KLV SUHGLFWLRQ LV EDVHG RQ WZR G\QDPLF
PRGHOV RI EUDLQVWRUPLQJ WKH QRQFRJQLWLYH DQG WKH FRJQLWLYH PRGHOV SURSRVHG E\
%URZQ DQG 3DXOXV 6PDOO *URXS 5HV ±  7KHVH PRGHOV GHVFULEH
IRU HDFK SDUWLFLSDQW WKH HYROXWLRQ RI LGHDV QXPEHU RYHU WLPH DQG DUH IRUPDOL]HG E\
GLIIHUHQWLDO HTXDWLRQV 7KURXJK VROXWLRQ IXQFWLRQV RI WKHVH PRGHOV ZH SURSRVH WR FDO
FXODWH WKH QXPEHU RI LGHDV RI HDFK SDUWLFLSDQW RQ DQ\ WLPH LQWHUYDOV DQG WKXV LQ WKH
IXWXUH FDOOHG SUHGLFWLRQ 7R EH DEOH WR FRPSXWH VROXWLRQ IXQFWLRQV LW LV QHFHVVDU\
WR GHWHUPLQH WKH SDUDPHWHUV RI WKHVH PRGHOV ,Q RXU DSSURDFK ZH XVH RSWLPL]DWLRQ
PRGHO IRU PRGHO SDUDPHWHUV FDOFXODWLRQ LQ ZKLFK VROXWLRQ IXQFWLRQV DUH DSSUR[LPDWHG
E\ QXPHULFDO PHWKRGV :H GHYHORSHG WZR JHQHULF RSWLPL]DWLRQ PRGHOV RQH EDVHG RQ
(XOHU¶V DQG WKH RWKHU RQ WKH IRXUWK RUGHU 5XQJH±.XWWD¶V QXPHULFDO PHWKRGV IRU WKH
VROYLQJ RI GLIIHUHQWLDO HTXDWLRQV DQG ZH DSSO\ WKHP WR WKH QRQFRJQLWLYH DQG UHVSHF
WLYHO\ WR WKH FRJQLWLYH PRGHOV 7KURXJK VRPH IHDVLELOLW\ WHVWV ZH VKRZ WKH DGHTXDF\
RI WKH SURSRVHG DSSURDFK WR RXU SUHGLFWLRQ FRQWH[W
.H\ZRUGV '\QDPLF PRGHO · %UDLQVWRUPLQJ · 3DUDPHWHUV FDOFXODWLRQ
RI G\QDPLF PRGHOV · 2SWLPL]DWLRQ PRGHOV · 3UHGLFWLRQ
+ $ +DGGRX · * &DPLOOHUL B · 3 =DUDWp
,QVWLWXW GH 5HFKHUFKH HQ ,QIRUPDWLTXH GH 7RXORXVH 60$&  5RXWH GH 1DUERQQH 







7KH EUDLQVWRUPLQJ WHFKQLTXH LV D YHU\ SRSXODU JURXS WHFKQLTXH IRU JHQHUDWLQJ LGHDV
,W LV QRW VXUSULVLQJ WKDW WKLV WHFKQLTXH LV RIWHQ XVHG LQ JURXS GHFLVLRQ PDNLQJ PHHWLQJV
*'00 2XU DLP LV WR LQWHJUDWH VRPH VSHFLIL VXSSRUW WRROV GHGLFDWHG WR IDFLOLWD
WLRQ DFWLYLW\ LQWR *URXS 'HFLVLRQ 6XSSRUW 6\VWHPV *'66 DOVR FDOOHG *URXS 6XSSRUW
6\VWHPV *66 ,Q RXU ZRUN ZH XVH WKH IROORZLQJ GHILQLWLRQ RI *'66 SURSRVHG E\
'H6DQFLV HW DO ³$ *'66 LV D FRPSXWHUEDVHG WHFKQRORJ\ GHVLJQHG WR KHOS
FRPPLWWHHV SURMHFW WHDPV DQG RWKHU VPDOO JURXSV ZLWK DFWLYLWLHV VXFK DV SUREOHP
LGHQWLILFDWLR DQG DQDO\VLV GHFLVLRQ PDNLQJ SODQQLQJ FUHDWLYLW\ FRQIOLF PDQDJH
PHQW QHJRWLDWLRQ DQG PHHWLQJ PDQDJHPHQW *'66V FRPELQH FRPPXQLFDWLRQ LQIRU
PDWLRQ DQG GHFLVLRQ VXSSRUW WHFKQRORJLHV LQ DQ LQWHJUDWHG HQYLURQPHQW´ S  LQ
'H6DQFWLV HW DO  0DQ\ VWXGLHV VKRZHG WKH DGYDQWDJH RI XVLQJ VXFK V\VWHPV LQ
PHHWLQJV LQ RUGHU WR LPSURYH WKHLU HIIHFWLYHQHVV DQG HIILFLHQ \ 1XQDPDNHU HW DO 
GH 9UHHGH HW DO  6ROOHU HW DO  *URXS IDFLOLWDWLRQ LV GHILQH DV D SURFHVV
LQ ZKLFK D SHUVRQ ZKR LV DFFHSWDEOH WR DOO PHPEHUV RI WKH JURXS LQWHUYHQHV WR KHOS
LPSURYLQJ WKH ZD\ LW LGHQWLILH DQG VROYHV SUREOHPV DQG PDNHV GHFLVLRQ 6FKZDU]
 )DFLOLWDWLRQ RQ WKH RWKHU KDQG LV D G\QDPLF SURFHVV WKDW LQYROYHV PDQDJLQJ
UHODWLRQVKLSV DPRQJ SHRSOH WDVNV DQG WHFKQRORJ\ DV ZHOO DV VWUXFWXULQJ WDVNV DQG
FRQWULEXWLQJ WR WKH HIIHFWLYH DFFRPSOLVKPHQW RI WKH PHHWLQJ¶V RXWFRPHV GHQ +HQJVW
DQG $GNLQV  )DFLOLWDWLRQ ZDV IRU D ORQJ WLPH UHFRJQL]HG DV D NH\ VXFFHVV IDFWRU
IRU PHHWLQJV %RVWURP HW DO  6FKZDU]  +D\QH  :KHQ *'66 WRROV
DUH XVHG RU ZKHQ HPHHWLQJV WDNH SODFH WKH QHHG WR IDFLOLWDWH PHHWLQJV LV HYHQ PRUH
YLVLEOH 9LOOHU  %RVWURP HW DO  0DFDXOD\ DQG $ODEGXONDULP 
8QIRUWXQDWHO\ GXH WR WKHLU VSHFLIL VNLOOV SURIHVVLRQDO IDFLOLWDWRUV DUHPRELOH VFDUFH
DQG H[SHQVLYH 2UJDQL]DWLRQV KDYH WKXV GLIILFXOW WR PDLQWDLQ D VWDEOH LQKRXVH IDFLO
LWDWLRQ FDSDELOLW\ GHQ +HQJVW DQG $GNLQV  %ULJJV HW DO  7KHUHIRUH LW
VHHPV UHOHYDQW WR VXSSRUW WKLV DFWLYLW\ LQ RUGHU WR PDNH LW PRUH DFFHVVLEOH WR IDFLOLWD
WRUV ZLWK OHVV H[SHUWLVH ZKLOH PDLQWDLQLQJ SHUIRUPDQFH FRPSDUDEOH WR WKRVH REWDLQHG
E\ D VNLOOHG IDFLOLWDWRU DQG WKXV SURPRWH WKH DGRSWLRQ RI *'66 LQ RUJDQL]DWLRQV
0DQ\ZRUNV LQWHJUDWHG HOHPHQWV RI DXWRPDWHG IDFLOLWDWLRQ LQ*'66 WRROV /LPD\HP
DQG 'H6DQFWLV  1XQDPDNHU HW DO  :RQJ DQG $LNHQ  0DFDXOD\ DQG
$ODEGXONDULP  $GOD HW DO  7KHVH ZRUNV VKRZ WKH LQWHUHVW RI DXWRPDWLQJ
VRPH IDFLOLWDWLRQ HOHPHQWV 6WXGLHV VXFK DV :RQJ DQG $LNHQ  /LPD\HP 
IXUWKHU GHPRQVWUDWH WKDW WKH LQWHJUDWLRQ RI DXWRPDWHG IDFLOLWDWLRQ LQ *'66 FDQ EH DV
HIIHFWLYH DV XVLQJ WKH VDPH WRROV ZLWK VNLOOHGKXPDQ IDFLOLWDWLRQ ,W DOVR HQKDQFHV D
IDLWKIXOQHVV DSSURSULDWLRQ RI WKH WHFKQRORJ\
2XU SXUSRVH LV WR RIIHU DVVLVWDQFH WR WKH IDFLOLWDWRU LQ UHDO WLPH GXULQJ PHHWLQJV )RU
WKLV LW LV QHFHVVDU\ WR DQDO\]H WKH JURXS DFWLYLW\ RU HYHQ DQWLFLSDWH SUHGLFW LWV HYR
OXWLRQ IRU VXSSRUWLQJ WKH IDFLOLWDWRU LQ KHUKLV GHFLVLRQ WR LQWHUYHQH ZKHQ DQG KHUKLV
FKRLFH RI LQWHUYHQWLRQV W\SH ZKDW ,Q WKLV ZRUN ZH IRFXV RQ D SDUWLFXODU JURXS WHFK
QLTXH WKH EUDLQVWRUPLQJ :H OLPLW KHUH RXU ZRUN WR SURYLGH LQ DQ DXWRPDWLF ZD\
D MXVWLILH SLFWXUH RI WKH HYROXWLRQ RI JHQHUDWHG LGHDV IRU WKH FXUUHQW EUDLQVWRUPLQJ
DFWLYLW\ LQ RUGHU WR VXSSRUW WKH IDFLOLWDWRU LQ KHUKLV GHFLVLRQ RU FKRLFH RI LQWHUYHQWLRQV
7KLV LQIRUPDWLRQ FDQ EH VHHQ DV D VHW RI LQGLFDWLRQV RU FXHV RQ WKH G\QDPLF RI LGHDV
JHQHUDWLRQ DV LQ WKH ZRUN RI 9LYDFTXD HW DO 
,Q WKLV SDSHU ZH GHYHORSHG DQ DSSURDFK WKDW JLYHV VRPH LQIRUPDWLRQ SUHGLFWLRQV
DERXW WKH HYROXWLRQ RI LGHDV QXPEHU RYHU WLPH WKDW ZRXOG EH JHQHUDWHG E\ SDUWLFLSDQWV
DW D EUDLQVWRUPLQJ VHVVLRQ 2XU SUHGLFWLRQ DSSURDFK LV EDVHG RQ WKH G\QDPLF PRGHOV
RI EUDLQVWRUPLQJ WKDW ZHUH SUHVHQWHG E\ %URZQ DQG 3DXOXV  7KHVH PRGHOV DUH
IRUPDOL]HG E\ GLIIHUHQWLDO HTXDWLRQV GHVFULELQJ WKH HYROXWLRQ RI LGHDV QXPEHU RYHU
WLPH IRU HDFK SDUWLFLSDQW
7KH JURXS WHFKQLTXH RI EUDLQVWRUPLQJ KDV EHHQ SURSRVHG E\ 2VERUQ  7KH
SXUSRVH RI WKLV WHFKQLTXH LV WR LPSURYH SURGXFWLYLW\ DQG FUHDWLYLW\ RI WKH JURXS LH
EULQJLQJ PDQ\ GLIIHUHQW DQG RULJLQDO LGHDV ,W LV EDVHG RQ WKH IRXU IROORZLQJ UXOHV
± &ULWLFLVP LV UXOHG RXW 7R DYRLG WURXEOH LQ WKH JHQHUDWLRQ RI LGHDV SDUWLFLSDQWV DW D
EUDLQVWRUPLQJ VHVVLRQ VKRXOG QRW FULWLFL]H 7KLV UXOH IROORZV D FHQWUDO SULQFLSOH RI
EUDLQVWRUPLQJ WKH ³GHIHUPHQW RI MXGJPHQW´
± )UHHZKHHOLQJ LV ZHOFRPHG $V LW LV QRW DOORZHG WR FULWLFL]H XQXVXDO DQG HYHQ ZLOG
LGHDV DUH SRVVLEOH DQG GHVLUHG
± 4XDQWLW\ LV ZDQWHG 2QH SXUSRVH RI EUDLQVWRUPLQJ LV WR JDWKHU XS D PD[LPXP
QXPEHU RI LGHDV DVVXPLQJ WKH JUHDWHU QXPEHU RI LGHDV KLJKHU LV WKH SUREDELOLW\
WR ILQ VXFFHVVIXO RQHV
± &RPELQDWLRQ DQG LPSURYHPHQW DUH VRXJKW 3DUWLFLSDQWV DUH HQFRXUDJHG WR XVH WKH
LGHDV RI RWKHUV E\ FRPELQLQJ RU LPSURYLQJ WKHP
,Q RUGHU WR WDNH WKH IXOO DGYDQWDJH RI EUDLQVWRUPLQJ 2VERUQ PHQWLRQHG WKDW WKH
SUHYLRXV UXOHV ZHUH QRW VXIILFLHQW ,Q DGGLWLRQ KH SURYLGHG VRPH VXJJHVWLRQV DQG
UHFRPPHQGDWLRQV RQ WKH WUDLQLQJ DQG WKH PDQDJHPHQW RI EUDLQVWRUPLQJ PHHWLQJV
IDFLOLWDWLRQ SDUWLFLSDQWV WUDLQLQJ WRSLF QDWXUH JURXS FRPSRVLWLRQ HWF
2VERUQ FODLPHG WKDW D UHDO JURXS XVLQJ EUDLQVWRUPLQJ WHFKQLTXH WR JHQHUDWH LGHDV
ZLOO EH PRUH HIIHFWLYH WKDQ LQGLYLGXDOV DORQH +H LQGLFDWHG WKDW LQ D VWXG\ WKLV WHFK
QLTXH JHQHUDWHG  PRUH XVHIXO LGHDV WKDQ LQGLYLGXDOV ZRUNLQJ DORQH +RZHYHU D
ODUJH QXPEHU RI H[SHULPHQWDO VWXGLHV FRQWUDGLFW WKLV FODLP E\ QRWLQJ WKDW LQWHUDFWLYH
EUDLQVWRUPLQJ JURXSV WHQGHG WR SURGXFH OHVV WKDQ QRPLQDO JURXSV JURXSV RI VLPLODU
VL]H ZRUNLQJ DORQH 'LHKO DQG 6WURHEH  0XOOHQ HW DO 
0DQ\ UHVHDUFKHV KDYH DWWHPSWHG WR ILQ WKH UHDVRQV RI WKH ³IDLOXUH´ RI LQWHUDFWLYH
EUDLQVWRUPLQJ FDOOHG SURGXFWLYLW\ ORVV 7KH\ LGHQWLILH IRXU PDLQ UHDVRQV
± (YDOXDWLRQ DSSUHKHQVLRQ &DPDFKR DQG 3DXOXV  0XOOHQ HW DO  3DUWLF
LSDQWV PD\ IHHO D IHDU RI QHJDWLYH HYDOXDWLRQV IURP RWKHUV ,Q WKLV FDVH WKH\ PD\
EH OHG WR QRW H[SUHVV WKHLU PRUH RULJLQDO LGHDV VHOIFHQVRUVKLS
± 6RFLDO ORDILQJ RU )UHH ULGLQJ %RUJDWWD DQG %DOHV  'LHKO DQG 6WURHEH 
.DUDX DQG :LOOLDPV  3DXOXV DQG ']LQGROHW  6RFLDO ORDILQJ LV D ORVV RI
PRWLYDWLRQ DQG HIIRUW FDXVHG E\ WKH SUHVHQFH RI RWKHUV )UHH ULGLQJ RFFXUV ZKHQ
DQ LQGLYLGXDO FRQVLGHUV WKDW KLV FRQWULEXWLRQ LV QRW QHFHVVDU\ WR WKH JURXS VXFFHVV
± 3URGXFWLRQ EORFNLQJ 'LHKO DQG 6WURHEH  1LMVWDG HW DO  :KHQ VRPH
RQH VSHDNV RWKHU SDUWLFLSDQWV DUH XVXDOO\ EORFNHG EULQJLQJ DERXW D ULVN RI LGHDV
IRUJHWIXOQHVV
± 0DWFKLQJ 3DUWLFLSDQWV LQ EUDLQVWRUPLQJ VHVVLRQ WHQG WR ZDQW WR SURGXFH DV RWKHUV
LQ WKH VDPH RUGHU RIPDJQLWXGH 7KLV EHKDYLRXU VHHPV WR UHVXOW IURP D FRPSDULVRQ
LQ WHUPV RI SHUIRUPDQFH EHWZHHQ LQGLYLGXDOV ZLWKLQ D JURXS %URZQ DQG 3DXOXV
 QRWHG WKDW PDWFKLQJ PD\ RFFXU LQ GLIIHUHQW FRQWH[WV LQ ERWK GLUHFWLRQV
WRZDUGV SDUWLFLSDQWV ZKR DUH PRVW SURGXFWLYH ZKHQ WKHUH LV D FOLPDWH RI FRPSHWL
WLRQ EHWZHHQ JURXS PHPEHUV 8SZDUG PDWFKLQJ 3DXOXV DQG ']LQGROHW  RU
FRQYHUVHO\ WRZDUGV SDUWLFLSDQWV SURGXFLQJ WKH OHDVW LI PRWLYDWLRQ RI WKH JURXS LV
TXLWH ZHDN 'RZQZDUG PDWFKLQJ %RUJDWWD DQG %DOHV  &DPDFKR DQG 3DXOXV
 .DUDX DQG :LOOLDPV 
,Q RUGHU WR LPSURYH WKH HIIHFWLYHQHVV RI EUDLQVWRUPLQJ PHHWLQJV PDQ\ VWXGLHV KDYH
DWWHPSWHG WR UHGXFH WKH ORVV RI SURGXFWLYLW\ &DPDFKR DQG 3DXOXV  IRUPHG
JURXSV ZLWK ORZ DQ[LRXV PHPEHUV 2[OH\ HW DO  VKRZHG WKH LPSRUWDQFH RI
WUDLQHG IDFLOLWDWRUV ZKLFK SURYLGH D FRQWURO RYHU IUHHULGLQJ WKH XVH RI HOHFWURQLF
EUDLQVWRUPLQJ IRU HOLPLQDWLQJ WKH EORFNLQJ 'LHKO DQG 6WURHEH  1LMVWDG HW DO
 DQRQ\PRXV HOHFWURQLF EUDLQVWRUPLQJ LQ RUGHU WR UHGXFH HYDOXDWLRQ DSSUHKHQ
VLRQ 'H5RVD HW DO  WKH DGGLWLRQ RI EUHDNV LQ PHHWLQJV DQG SURPRWLQJ GLYHUJHQW
WKLQNLQJ %URZQ DQG 3DXOXV  &RVNXQ  HWF 0DQ\ ILQGLQJ RI WKHVH VWXGLHV
VHHP WR DJUHH ZLWK WKH VXJJHVWLRQV DQG WKH UHFRPPHQGDWLRQV SUHVHQWHG E\ 2VERUQ
FI WKH FULWLFDO UHYLHZ RI ,VDNVHQ  HPSKDVL]LQJ WKH LPSRUWDQFH RI WKHVH VXJJHV
WLRQV DQG UHFRPPHQGDWLRQV LQ EUDLQVWRUPLQJ VWXGLHV
)URP ZRUNV RQ SURGXFWLYLW\ ORVV %URZQ DQG 3DXOXV  SURSRVHG D PRGHOLQJ
RI LGHDV JHQHUDWLRQ SURFHVV LQ EUDLQVWRUPLQJ 7KLV PRGHOLQJ GHVFULEHV IRU HDFK SDU
WLFLSDQW WKH HYROXWLRQ RI LGHDV QXPEHU RYHU WLPH DFFRUGLQJ WR WKH SURGXFWLRQV RI RWKHU
SDUWLFLSDQWV ,W H[SOLFLWO\ LQFRUSRUDWHV WKUHH VRFLDO IDFWRUV WKH EORFNLQJ WKH PDWFKLQJ
GHVFULEHG DERYH DQG WKH GHFD\ 7KH GHFD\ IDFWRU LV XVHIXO WR GHFUHDVH LGHDV QXPEHU
RYHU WLPH 1LMVWDG HW DO  ,Q WKLV PRGHOLQJ WKH IDFWRUV RI HYDOXDWLRQ DSSUHKHQ
VLRQ DQG IUHH ULGLQJ DUH UHSUHVHQWHG LPSOLFLWO\ WKURXJK YDOXHV RI VHYHUDO SDUDPHWHUV ,Q
WKLV ZRUN %URZQ DQG 3DXOXV SUHVHQWHG WZR PRGHOV D QRQFRJQLWLYH DQG D FRJQLWLYH
PRGHO 2I FRXUVH WKHVHPRGHOV DUH D VLPSOLILFDWLR RI WKH LGHDV JHQHUDWLRQ SURFHVV EXW
DUH LQ OLQH ZLWK ILQGLQJ RI YDULRXV VWXGLHV RQ SURGXFWLYLW\ ORVV 2QH LQWHUHVW RI WKHVH
PRGHOV LV WR SURYLGH D FOHDU DQG UHODWLYHO\ SUHFLVH GHVFULSWLRQ RI WKH LQWHUGHSHQGHQFH
H[LVWLQJ EHWZHHQ SDUWLFLSDQWV¶ SURGXFWLRQV ,Q DGGLWLRQ WKH\ DOORZ GLIIHUHQWLDWLQJ WKH
LPSDFW RI WKUHH VRFLDO IDFWRUV LQ LGHDV SURGXFWLRQ 7KH LQLWLDO REMHFWLYH RI WKLV PRGHO
LQJ LV WR SURYLGH D IUDPHZRUN IRU WKH GHYHORSPHQW DQG WKH DVVHVVPHQW RI WKHRUHWLFDO
DVVXPSWLRQV
:H EHOLHYH WKDW WKH PRGHO GHYHORSHG E\ %URZQ DQG 3DXOXV FDQ EH DGDSWHG WR RXU
FRQWH[W RI SUHGLFWLRQ ,QGHHG DVVXPLQJ WKDW WKH SURSRVHG G\QDPLF PRGHOV DUH FRP
SOHWHO\ GHWHUPLQHG WKDW LV DOO SDUDPHWHUV DUH YDOXHG WKH\ RIIHU IRU HDFK SDUWLFLSDQW DQ
DFFXUDWH GHVFULSWLRQ RI LGHDV QXPEHU UHSUHVHQWHG LQ WKH IRUP RI PDWKHPDWLFDO IXQF
WLRQ %\ NQRZLQJ WKLV IXQFWLRQ RI LGHDV QXPEHU RYHU WLPH RQ LWV GHILQLWLRQ GRPDLQ
' = [,+∞[ LW LV SRVVLEOH IRU HDFK SDUWLFLSDQW WR FDOFXODWH RQ DQ\ VXELQWHUYDOV RI '
WKH LGHDV QXPEHU DQG WKHUHIRUH WR FRPSXWH DQ H[WUDSRODWLRQ RI LGHDV QXPEHU LQ WKH
IXWXUH ZKLFK ZH FDOO SUHGLFWLRQ
&RVNXQ DQG <LOPD]  LPSURYHG WKH PRGHOV SURSRVHG E\ %URZQ DQG 3DXOXV E\
DGGLQJ SK\VLFDO FRQVWUDLQWV VXFK DV WKH UDWH RI LGHDV LV DOZD\V SRVLWLYH WR PDNH WKHVH
PRGHOV PRUH UHDOLVWLF DQG FRPSOHWH ,Q DGGLWLRQ WKH\ PRGLILH WKHP WR GHDO ZLWK WZR
VLWXDWLRQV WKH VHTXHQWLDO VLWXDWLRQ ZKHUH WKH SUREOHP LV GHFRPSRVHG LQWR VXESURE
OHPV DQG HDFK VXESUREOHP LV SUHVHQWHG RQH DIWHU RWKHU WR WKH JURXS FDOOHG VHTXHQWLDO
EUDLQVWRUPLQJ DQG WKH VLWXDWLRQ RI EUDLQZULWLQJ 7KH\ DOVR VWXGLHG WKH LPSDFW RI
WKH LQVWUXFWLRQ RI LGHDV PHPRUL]DWLRQ RQ EUDLQVWRUPHUV 7KH DLP RI WKHLU ZRUN LV WR
GHYHORS QHZ PRGHOV DGDSWHG WR WKH SUHYLRXV VLWXDWLRQV IRUPDOL]HG E\ LPSXOVLYH GLI
IHUHQWLDO HTXDWLRQV DQG WR VKRZ WKURXJK H[SHULPHQWV WKDW WKHVH WZR PRGHOV ZHOO IL WR
REVHUYDWLRQV ,Q RUGHU WR GR VR WKH\ FKRVH VRPH YDOXHV IRU PRGHO SDUDPHWHUV VR WKDW
PRGHOV DUH FORVH WR WKHLU H[SHULPHQWV
2XU DSSURDFK WRZDUGV G\QDPLF PRGHOV XVH LV TXLWH GLIIHUHQW IURP WKH DERYH WZR
VWXGLHV :H GHWHUPLQH LGHDV QXPEHU IURP PHDVXUHPHQWV RI SURGXFWLRQ GXUDWLRQ RI
SDUWLFLSDQWV¶ LGHDV LQ UHDOWLPH WKDW LV RQJRLQJ WKH EUDLQVWRUPLQJ VHVVLRQ )RU WKLV
ZHPXVW EH DEOH WR FRPSXWH UHODWLYHO\ TXLFNO\ WKHPRGHO SDUDPHWHUV IURP LGHDV DOUHDG\
H[SUHVVHG E\ SDUWLFLSDQWV 7KLV FRQWH[W KDV PRWLYDWHG XV WR GHYHORS RXU DSSURDFK IRU
GHWHUPLQLQJ SDUDPHWHUV RI G\QDPLF PRGHOV SUHVHQWHG LQ WKLV ZRUN
,Q RUGHU WR PDNH WKLV DSSURDFK GLUHFWO\ XVDEOH FRPSXWDEOH ZH DVVXPH WKDW HDFK
FRQWULEXWLRQ RI D SDUWLFLSDQW PDWFKHV WR RQH DQG RQO\ RQH LGHD 7KLV DVVXPSWLRQ PD\
DSSHDU YHU\ VWURQJ LPSO\LQJ WKH DGGLWLRQ RI WKH IROORZLQJ UXOH ³RQH LGHD SHU LQWHUYHQ
WLRQ´ DQG WKH QHHG WR VWULFWO\ HQVXUH FRPSOLDQFH ZLWK EUDLQVWRUPLQJ UXOHV +RZHYHU
IURP SUHOLPLQDU\ H[SHULPHQWV LW VHHPV WKDW WKH SURSRVHG DSSURDFK UHPDLQV XVHIXO
IRU IUHH LGHDWLRQ VHVVLRQV 1HYHUWKHOHVV PRUH LQYHVWLJDWLRQV PXVW EH DFKLHYHG RQ WKLV
SRLQW
)LUVW ZH ZLOO SUHVHQW DQ RYHUYLHZ RI WKH SURSRVHG DSSURDFK ,Q WKH VHFRQG SDUW
ZH ZLOO GHDO ZLWK WKH QRQFRJQLWLYH PRGHO 2XU DSSURDFK RI SDUDPHWHUV FDOFXODWLRQ LV
EDVHG RQ DQ RSWLPL]DWLRQ PRGHO :H ZLOO SUHVHQW D JHQHULF RSWLPL]DWLRQ PRGHO ZKLFK
ZLOO EH DSSOLHG WR WKH QRQFRJQLWLYH PRGHO )HDVLELOLW\ WHVWV ZLOO VKRZ WKH DGHTXDF\
RI WKH SURSRVHG DSSURDFK WR RXU SUHGLFWLRQ FRQWH[W
,Q WKH WKLUG SDUW WKH FRJQLWLYH PRGHO ZLOO EH SUHVHQWHG 7KH RSWLPL]DWLRQ PRGHO
GHYHORSHG IRU WKH QRQFRJQLWLYH FDQ QRW EH GLUHFWO\ DSSOLHG WR WKH FRJQLWLYH PRGHO
7R FRSH ZLWK WKLV SUREOHP ZH ZLOO SURSRVH D PRUH DFFXUDWH EXW PRUH FRPSOH[ QHZ
JHQHULF RSWLPL]DWLRQ PRGHO 7KLV QHZ SUREOHPZLOO EH DGDSWHG WR WKH FRJQLWLYH PRGHO
DQG DV IRU WKH QRQFRJQLWYH PRGHO LWV IHDVLELOLW\ ZLOO EH WHVWHG :H ZLOO VKRZ WKDW WKLV
QHZ RSWLPL]DWLRQ PRGHO LV ZHOO DGDSWHG WR JURXSV RI VPDOO VL]H EXW PD\ UHTXLUHV
IXUWKHU GHYHORSPHQWV IRU ODUJHU JURXSV
 $SSURDFK 2YHUYLHZ
7KH RYHUDOO SURSRVHG SURFHVV LQ WKLV SDSHU LV VFKHPDWLFDOO\ VXPPDUL]HG LQ WKH )LJ 
7KH ER[ LWHPV UHSUHVHQW SUREOHPV DQG WKH RYDOER[HV WKH XVHG DSSURDFKHV 7KH JRDO RI
WKLV SURFHVV LV WR GHWHUPLQH WLPH HYROXWLRQ IXQFWLRQV RI LGHDV SURGXFWLRQ UDWH IRU HDFK
SDUWLFLSDQW ER[  IURP G\QDPLF PRGHOV 2UGLQDU\ 'LIIHUHQWLDO (TXDWLRQV 2'(
,Q RUGHU WR DFKLHYH WKLV REMHFWLYH WZR QXPHULFDO PHWKRGV (XOHU DQG 5XQJH±.XWWD
IRXUWK 5. DUH XVHG  +RZHYHU WR EH DEOH WR DSSO\ WKHVH PHWKRGV PRGHOV SDUDP
HWHUV KDYH WR EH NQRZQ  $ OHDVWVTXDUH RSWLPL]DWLRQ LV XVHG IRU FRPSXWLQJ WKHVH
PRGHO SDUDPHWHUV  )URP QRZ G\QDPLFPRGHOV DQG WKHLU SDUDPHWHUV DUH NQRZQ DQG
 :H LQWHQG WR PHDVXUH WKH GXUDWLRQ RI LGHDV SURGXFWLRQ E\ XVLQJ PLFURSKRQHV
 :H EHOLHYH WKDW WKLV JHQHULF SUREOHP FRXOG EH XVHIXO LQ PDQ\ RWKHU VLWXDWLRQV
)LJ  3URFHVV RYHUYLHZ
VROXWLRQ IXQFWLRQV FDQ EH FRPSXWHG  6ROXWLRQ IXQFWLRQV DQG D TXDQWLILDEO HUURU
DUH WKHQ GHWHUPLQHG E\ XVLQJ WKH 5XQJH±.XWWD IRXUWK 
 1RQ&RJQLWLYH 0RGHO RI %UDLQVWRUPLQJ
,Q WKLV SDUW WKH QRQFRJQLWLYH PRGHO LV SUHVHQWHG :H ZLOO EHJLQ ZLWK D GHVFULSWLRQ RI
WKH PDWKHPDWLFDO PRGHO PRGLILH E\ &RVNXQ DQG <LPD] 7KHQ D JHQHULF DSSURDFK
XVLQJ DQ RSWLPL]DWLRQ PRGHO WR GHWHUPLQH WKH SDUDPHWHUV RI G\QDPLF PRGHOV IURP
PHDVXUHPHQWV ZLOO EH SUHVHQWHG:H ZLOO DSSO\ WKLV JHQHULF RSWLPL]DWLRQ PRGHO WR WKH
QRQFRJQLWLYH PRGHO RI EUDLQVWRUPLQJ ,Q RUGHU WR WHVW WKH IHDVLELOLW\ RI RXU DSSURDFK
ZH ZLOO XVH DUWLILFLD WHVWV 7KLV SDUW ZLOO HQG ZLWK D GLVFXVVLRQ RQ WHVWV DGYDQWDJHV
DQG GLVDGYDQWDJHV RI WKH SURSRVHG DSSURDFK
 0DWKHPDWLFDO 0RGHO
7KH QRQFRJQLWLYHPRGHO LV WKH VLPSOHVW PRGHO SUHVHQWHG E\%URZQ DQG 3DXOXV 
7KLV PRGHO LV EDVHG RQ WKH DVVXPSWLRQ WKDW D SDUWLFLSDQW¶V UDWH RI LGHD SURGXFWLRQ
GHSHQGV RQ WKH IROORZLQJ WKUHH IDFWRUV VHH %URZQ DQG 3DXOXV 
 2XWSXW GHFD\ $Q\ JLYHQ SDUWLFLSDQW ZLOO HYHQWXDOO\ UXQ RXW RI LGHDV 7KLV IDFWRU
VHUYHV WR GHFUHDVH SURGXFWLYLW\ RYHU WLPH
 %ORFNLQJ $ SDUWLFLSDQW¶V SURGXFWLYLW\ ZLOO GHFUHDVH DV D IXQFWLRQ RI WRWDO JURXS
RXWSXW
 0DWFKLQJ 3DUWLFLSDQWV DGMXVW WKHLU SURGXFWLYLW\ UDWH WR PRUH FORVHO\ PDWFK WKH
DYHUDJH JURXS UDWH 7KLV IDFWRU GHFUHDVHV D SDUWLFLSDQW¶V SURGXFWLYLW\ LI LW LV KLJKHU
WKDQ WKH JURXS DYHUDJH DQG LQFUHDVHV D SDUWLFLSDQW¶V SURGXFWLYLW\ LI LW LV ORZHU WKDQ
WKH JURXS DYHUDJH
7KLV PRGHO H[SUHVVHV IRU HDFK SDUWLFLSDQW WKH YDULDWLRQ RI LGHDV UDWH DV D ZHLJKWHG
VXP RI GHFD\ EORFNLQJ DQG PDWFKLQJ IDFWRUV
)RU D JURXS RI Q LQGLYLGXDOV L ∈ [[, Q]] WKH QRQFRJQLWLYH PRGHO LV IRUPDOL]HG
E\ WKH IROORZLQJ V\VWHP RI GLIIHUHQWLDO HTXDWLRQV
GRL (W)
GW = −DLRL (W)− EL
∑
M 6=L
R M (W)+ PL

 Q − 
∑
M 6=L
R M (W)− RL (W)

 ZLWK RL (W) ≥ 
DQG W ∈ [,+∞[
ZKHUH RL (W) LV WKH LGHDV UDWH LGHDV QXPEHU SHU WLPH XQLW JHQHUDWHG E\ WKH SDUWLFLSDQW
L  DL WKH GHFD\ UDWH EL WKH VHQVLWLYLW\ WR EORFNLQJ PL WKH WHQGHQF\ WR PDWFK 1RWH WKDW
WKH UDWHV DL  EL DQG PL UHSUHVHQW WKH LPSDFWV RI GHFD\ EORFNLQJ DQG PDWFKLQJ IDFWRUV
RQ WKH LGHDV UDWH RI D SDUWLFLSDQW L  7KLV LPSDFW LV DVVXPHG WR EH FRQVWDQW RYHU WLPH
GXULQJ WKH ZKROH VHVVLRQ WKDW LV DL  EL DQG PL DUH FRQVWDQW 7KH EORFNLQJ LV UHSUH
VHQWHG E\ EL WLPHV WKH VXP RI RWKHUV¶ SURGXFWLRQV 7KH PDWFKLQJ LV HVWLPDWHG E\ WKH
GLVWDQFH EHWZHHQ SURGXFWLRQV RI DQ LQGLYLGXDO DQG WKH DYHUDJH RI RWKHUV¶ SURGXFWLRQV
)ROORZLQJ &RVNXQ DQG <LOPD]  ZH DGG WKH FRQVWUDLQW RL (W) ≥  WR PRGHO WKH
IDFW WKDW LGHDV UDWH LV DOZD\V SRVLWLYH RU QXOO $ SRVVLEOH HIIHFW RI WKLV FRQVWUDLQW LV WR
EUHDN WKH OLQHDULW\ RI WKH GLIIHUHQWLDO HTXDWLRQV
7KLV PRGHO VWDWHV WKDW WKH LGHDV UDWH GHFUHDVHV DW WKH UDWH DL ZLWK UHVSHFW WR LWV YDOXH
DW WKH UDWH EL ZLWK UHVSHFW WR WKH VXP RI RWKHU¶V UDWHV DQG GHSHQGLQJ RQ FDVHV GHFUHDVHV
QHJDWLYH YDOXH DW WKH UDWH PL LI LWV YDOXH LV KLJKHU WKDQ WKH DYHUDJH RI RWKHUV¶ UDWHV
'RZQZDUG PDWFKLQJ RU LQFUHDVHV SRVLWLYH YDOXH DW WKH UDWH PL LI LWV YDOXH LV ORZHU
WKDQ WKH DYHUDJH 8SZDUG PDWFKLQJ
)RU H[DPSOH IRU D JURXS RI WKUHH SHUVRQV WKH FRJQLWLYH PRGHO LV


GR(W)GW = −DR(W)− E(R(W)+ R(W))+ P
[  (R(W)+ R(W))− R(W)]
ZLWK R(W) ≥ 
GR(W)GW = −DR(W)− E(R(W)+ R(W))+ P
[  (R(W)+ R(W))− R(W)]
ZLWK R(W) ≥ 
GR(W)GW = −DR(W)− E(R(W)+ R(W))+ P
[  (R(W)+ R(W))− R(W)]
ZLWK R(W) ≥ 
7KH )LJ  LOOXVWUDWHV WKH FRJQLWLYH PRGHO IRU D JURXS RI WKUHH SHUVRQV E\ GUDZ
LQJ WKH LGHDV UDWH RYHU WLPH JHQHUDWHG E\ HDFK SDUWLFLSDQW ,Q WKLV H[DPSOH WKH
IROORZLQJ SDUDPHWHUV YHFWRUV KDYH EHHQ XVHG S = (., ., ., .),
S = (., ., ., .) DQG S = (., ., ., .) ZKHUH
)LJ  &RJQLWLYH PRGHO IRU D JURXS RI WKUHH PHPEHUV RQH FXUYH E\ PHPEHU
SL =(RL (), DL , E,PL ) LV WKH SDUDPHWHUV YHFWRU IRU SDUWLFLSDQW L ZLWK RL () WKH LQLWLDO
UDWH RI LGHDV DL , EL DQG PL DUH UHVSHFWLYHO\ GHFD\ EORFNLQJ DQG PDWFKLQJ UDWHV
7KH VROXWLRQV RI WKLV V\VWHP KDYH EHHQ FDOFXODWHG E\ XVLQJ WKH QXPHULFDO PHWKRG
RI 5XQJH±.XWWD RUGHU IRXU ,Q PRVW FDVHV LW LV QRW SRVVLEOH WR KDYH DQ DQDO\WLFDO
VROXWLRQ GXH WR HTXDWLRQV FRPSOH[LW\ 7KHUHIRUH QXPHULFDO PHWKRGV FDQ EH XVHG WR
FDOFXODWH DQ DSSUR[LPDWLRQ RI VROXWLRQ IXQFWLRQV
 (XOHU %DVHG *HQHULF 2SWLPL]DWLRQ 0RGHO IRU 3DUDPHWHUV &DOFXODWLRQ
7KLV PRGHO LV XVHIXO LQ D SUHGLFWLRQ FRQWH[W ZKLFK LV XVHG WR FDOFXODWH DXWRPDWLFDOO\
PRGHO SDUDPHWHUV RQO\ IURPPHDVXUHPHQWV RI SURGXFWLRQ GXUDWLRQ GXULQJ WKH VHVVLRQ
$ QDWXUDO ZD\ IRU SDUDPHWHUV FRPSXWLQJ ZRXOG EH WR VWDUW IURP DQDO\WLFDO VROXWLRQ
IXQFWLRQV DQG WKURXJK WKHP WR JHQHUDWH HTXDWLRQV FRUUHVSRQGLQJ WR PHDVXUHPHQWV
8QIRUWXQDWHO\ LQ HYHU\ FDVH DQDO\WLFDO VROXWLRQV DUH QRW QHFHVVDULO\ NQRZQ ,Q RXU
DSSURDFK ZH SURSRVH WR XVH RSWLPL]DWLRQ IRUPXODWLRQ IRU WKH FDOFXODWLRQ RI WKH PRGHO
SDUDPHWHUV FDOFXODWLRQ LQ ZKLFK VROXWLRQ IXQFWLRQV DUH DSSUR[LPDWHG E\ QXPHULFDO
PHWKRGV
)RU WKH QRQFRJQLWLYH PRGHO ZH ZLOO XVH WKH (XOHU¶V PHWKRG $LW+DGGRX HW DO
 7KH(XOHU¶VPHWKRG LV D ILUVWRUGH QXPHULFDO SURFHGXUH IRU VROYLQJ RUGLQDU\ GLI
IHUHQWLDO HTXDWLRQV ZLWK D JLYHQ LQLWLDO YDOXH 7KLV PHWKRG GHWHUPLQHV D OLQHDU DSSUR[
LPDWLRQ RI WKH VROXWLRQ IXQFWLRQV RI ILUV RUGHU GLIIHUHQWLDO HTXDWLRQV
/HW XV FRQVLGHU WKH IROORZLQJ ILUV RUGHU GLIIHUHQWLDO HTXDWLRQ G\G[ = I ([, \)ZLWK LQLWLDO YDOXH \(D) = \R ZKHUH I[\ LV D NQRZQ IXQFWLRQ GHILQH RQ DQ LQWHUYDO , = [DE]
 :LWK D VWHS RI (
/HW K = E−DQ EH D UHDO SRVLWLYH QXPEHU ZKHUH Q LV WKH QXPEHU RI FRQVLGHUHG SRLQWV7KH UHDO K LV FDOOHG ³VWHS´ DQG LW LV WKH VWHS VL]HV EHWZHHQ WKH SRLQWV [, [, . . . , [Q 
7KH (XOHU¶V PHWKRG FRQVLGHUV WZR VHTXHQFHV RI UHDO QXPEHUV [L DQG \L IRU DOO
L ∈ [[, Q − ]] VXFK WKDW [L+ = [L + K DQG \L+ = \L + K I ([L , \L ) ZLWK YDOXHV
LQ LQLWLDO FRQGLWLRQ DUH UHVSHFWLYHO\ [ = D DQG \ = \(D) 7KH OLQHDU DSSUR[LPD
WLRQ IXQFWLRQ RI \([) RQ , LV JLYHQ E\ φ([) = I ([L , \L )[ + \L − I ([L , \L )[L IRU DOO
[ ∈ [[L , [L+] DQG φ([) = \
,Q WKLV ZRUN ZH SODQ WR GHWHUPLQH WKH SDUDPHWHUV RI D V\VWHP RI GLIIHUHQWLDO HTXD
WLRQV REWDLQHG IURP PHDVXUHPHQWV
7KHVH PHDVXUHPHQWV UHSUHVHQW WKH QXPEHU RI LGHDV RQ D JLYHQ LQWHUYDO >DE@ ZKLFK








HL + IGP (S)
)
ZKHUH P LV WKH QXPEHU RI PHDVXUHV
&RQVWUDLQWV \L+ = \L + ([L+ − [L ) I ([L , \L , S) IRU DOO L ∈ [[,P − ]]




6 M + HL IRU DOO L ∈ [[,P]]
'DWD 0D,E,L LV WKH L WK PHDVXUH RQ [D, E][L VRUWHG DEFLVVD RI FRQVLGHUHG SRLQWV
α HUURUV ZHLJKW
RUG(X) UHWXUQV WKH SRVLWLRQ RI X LQ [ 
'HFLVLRQ
9DULDEOHV
I GLIIHUHQWLDO HTXDWLRQ G\G[ = I ([, \, S) RI WKH PRGHO
S SDUDPHWHUV LQ GLIIHUHQWLDO HTXDWLRQ
\L SRLQWV GHWHUPLQHG E\ WKH (XOHU¶V OLQHDU DSSUR[LPDWLRQ6L WUDSH]RLG DUHD ZLWK KHLJKW [L+ − [L IGP REMHFWLYH IXQFWLRQ UHODWHG WR GLIIHUHQWLDO HTXDWLRQHL HUURU RI WKH L WK PHDVXUH
,Q WKLV RSWLPL]DWLRQ PRGHO WKH REMHFWLYH IXQFWLRQ LV GLYLGHG LQ WZR SDUWV $V (XOHU¶V
PHWKRG FRPSXWHV DQ DSSUR[LPDWLRQ RI VROXWLRQ IXQFWLRQV DQ HUURU LV LQHYLWDEO\ SUHV
HQW 7KH ILUV SDUW RI REMHFWLYH IXQFWLRQ FRQFHUQV WKH PLQLPL]DWLRQ RI WKLV HUURU 7KH
VHFRQG SDUW LV VSHFLIL WR WKH G\QDPLF PRGHO FRQVLGHUHG ,Q FRQVWUDLQWV \L DUH (XOHU¶V
SRLQWV 6L FRUUHVSRQG WR VXUIDFHV FDOFXODWHG ZLWK (XOHU¶V SRLQWV $V (XOHU¶V PHWKRG
FRPSXWHV D OLQHDU DSSUR[LPDWLRQ RI VROXWLRQ IXQFWLRQV LQWHJUDWLRQ RI WKHVH DSSUR[L
PDWLRQV FRUUHVSRQGV WR WKH FDOFXODWLRQ RI WUDSH]RLG VXUIDFHV ,Q WKLV SUREOHPPHDVXUHV
FDQ RYHUODS WKHUHIRUH IRU RQH PHDVXUH RQ >DE@ LW LV SRVVLEOH WKDW VHYHUDO SRLQWV ZRXOG
EH FDOFXODWHG LQ WKLV FDVH WKH PHDVXUH FRUUHVSRQGLQJ WR ∫ ED \(W)GW LV HTXDO WR WKH VXPRI WUDSH]RLG VXUIDFHV GHILQH IURP WKHVH SRLQWV $W HDFK PHDVXUH DQ HUURU LV LQWH
JUDWHG IRU WKH DSSUR[LPDWLRQ HUURU EXW FDQ DOVR EH XVHG WR LQWURGXFH PHDVXUHPHQW
HUURUV
 2SWLPL]DWLRQ 0RGHO IRU 3DUDPHWHUV &DOFXODWLRQ RI 1RQ&RJQLWLYH 0RGHO
,Q RUGHU WR FDOFXODWH SDUDPHWHUV RI WKH FRJQLWLYH PRGHO ZH DSSO\ WKH JHQHULF RSWLPL]D
WLRQ PRGHO SUHYLRXVO\ SUHVHQWHG ,Q RXU SUHGLFWLRQ FRQWH[W VROYLQJ WLPH LV LPSRUWDQW
WR EH DEOH WR XVH WKH RSWLPL]DWLRQ PRGHO GXULQJ EUDLQVWRUPLQJ VHVVLRQV 7KHUHIRUH LW
LV QHFHVVDU\ WR ILQ D JRRG FRPSURPLVH EHWZHHQ VROYLQJ WLPH DQG SUHFLVLRQ )RU WKLV
ZH FKRVH DV (XOHU¶V SRLQWV WKH VWDUWLQJ DQG WKH HQGLQJ SRLQWV RI PHDVXUH¶V LQWHUYDOV
,Q WKLV ZD\ ZH OLPLW WKH QXPEHU RI GHFLVLRQ YDULDEOHV VXFK WKDW [L  \L DQG 6L WR WKH
PLQLPXP HQWDLOLQJ D VLPSOLILFDWLR RI WKH RSWLPL]DWLRQ PRGHO










HL,N + IGP (DN , EN ,PN )
)
ZKHUH P LV WKH QXPEHU RI PHD
VXUHV










ZLWK Q WKH JURXS VL]H DQG N ∈ [, Q]
&RQVWUDLQWV  \L+,N = RL,N + (WL+ − WL ) IL,N IRU DOO L ∈ [[,P − ]] DQG N ∈ [[, Q]]










IRU DOO L ∈ [[,P]]
DQG N ∈ [[, Q]]
 RL,N = \L,N LI \L,N ≥   HOVH IRU DOO L ∈ [[,P]] DQG N ∈ [[, Q]]




6 M,N + HL,N LI 0D,E,L,N =  IRU DOO L ∈ [[,P]] DQG
N ∈ [[, Q]]
 P∑
M=RUG(E)
6 M,N + HP,N <  LI 0D,E,N =  DQG 0E,WP ,N <  ZLWK N ∈ [[, Q]]
 DN , EN ∈ [, ] DQG PN ∈ [, ] RL,N ≥  IRU DOO L ∈ [[,P]] DQG N ∈ [[, Q]] HL,N ∈ [−., .] IRU DOO L ∈ [[,P]] DQG N ∈ [[, Q]]
'DWD 0D,E,L,N LV WKH L WK PHDVXUH RI WKH SDUWLFLSDQW N RQ [D, E]WL ERXQGDU\ PHDVXUHV LQ FKURQRORJLFDO RUGHURUG([) UHWXUQV WKH SRVLWLRQ RI [ LQ W 
'HFLVLRQ
9DULDEOHV
DN  EN DQG PN PRGHO¶V SDUDPHWHUV RI SDUWLFLSDQW N
\L,N WKH L WK (XOHU¶V SRLQWV IRU SDUWLFLSDQW NRL,N WKH L WK LGHDV UDWH RI SDUWLFLSDQW NIL,N GLIIHUHQWLDO HTXDWLRQV RI WKH PRGHOIGP (DN , EN ,PN ) G\QDPLF PRGHO SDUW RI REMHFWLYH IXQFWLRQ6L,N L WK WUDSH]RLG VXUIDFH IRU SDUWLFLSDQW NHL,N HUURU RI WKH L WK PHDVXUH IRU SDUWLFLSDQW N
7KHPRGHO SDUW RI REMHFWLYH IXQFWLRQ  UHSUHVHQWV D VTXDUH GLVWDQFH EHWZHHQ VRFLDO
IDFWRUV DQG WKHLU UHIHUHQFH YDOXHV 5HIHUHQFH YDOXHV FKRVH LQ WKLV SUREOHP DUH WKRVH WKDW
KDYH EHHQ HVWDEOLVKHG E\ &RVNXQ DQG <LOPD]  LQ WKHLU H[SHULPHQWDWLRQV 7KH
ZKROH REMHFWLYH IXQFWLRQ LV D ZHLJKWHG VXP RI VTXDUH GLVWDQFHV WR UHIHUHQFH YDOXHV
)LJ  1RQFRJQLWLYH PRGHO ZLWK LQLWLDO DQG IRXQG E\ RSWLPL]DWLRQ SDUDPHWHUV
:H FRQVLGHU WKDW PLQLPL]LQJ DV SRVVLEOH HUURUV LV PRUH LPSRUWDQW WKDQ IDFWRUV¶ YDOXHV
FORVH WR WKHLU UHIHUHQFH YDOXHV EHFDXVH PRUH HUURUV DUH ORZ PRUH PHDVXUHV IROORZ WKH
GLIIHUHQWLDO HTXDWLRQV PRGHO 7KLV SUHIHUHQFH LV WUDQVODWHG LQ ZHLJKWV ZKHUH HUURUV
KDYH D ZHLJKW RI  DQG VRFLDO IDFWRUV D ZHLJKW RI  7KH FRQVWUDLQW  GHILQH (XOHU¶V SRLQWV DFFRUGLQJ WR GLIIHUHQWLDO HTXDWLRQV SUHVHQWV
LQ  ,GHDV UDWHV IROORZ (XOHU¶V SRLQWV LI WKH\ DUH SRVLWLYH RU DUH VHW WR ]HUR RWK
HUZLVH  WKLV FRQVWUDLQW FRPHV IURP WKH &RVNXQ¶V DQG <LOPD]¶V PRGHOOLQJ :H
FKRVH WR SURFHVV HYHU\ LGHD RQH E\ RQH WKHUHIRUH RXU PHDVXUHV DUH GHILQH WR RQH
LGHD  :KHQ D EUDLQVWRUPLQJ VHVVLRQ ILQLVKHV DOO SDUWLFLSDQWV FRXOG QRW KDYH
HQRXJK WLPH WR JHQHUDWH RQH PRUH LGHD WKLV VLWXDWLRQ LV IRUPDOL]HG LQ WKH FRQVWUDLQW

)RU H[DPSOH LQ )LJ  IXOO OLQHV UHSUHVHQW WKH LQLWLDO LGHDV UDWHV RYHU WLPH
LQ PLQXWHV IRU D JURXS RI WKUHH SDUWLFLSDQWV 7KH LQLWLDO PRGHO LV JUDSKHG XVLQJ
5XQJH±.XWWD¶V IRXU RUGHU PHWKRG ZLWK WKH VDPH SDUDPHWHUV DV EHIRUH WKDW LV S =
(., ., ., .) S = (., ., ., .) DQG S = (.,
., ., .) )URP WKHVH LQLWLDO VROXWLRQV PHDVXUHV DUH FRPSXWHG E\ GHWHU
PLQLQJ IRU HDFK SDUWLFLSDQW DOO FRQVHFXWLYH LQWHUYDOV [D, E] ⊆ [, ] IURP  VXFK
DV ∫ ED RL (W)GW =  :H WKHQ XVH WKH QRQFRJQLWLYH RSWLPL]DWLRQ PRGHO RQO\ ZLWKWKHVH PHDVXUHV WR FDOFXODWH QHZ SDUDPHWHUV 7KH QHZ SDUDPHWHUV FDOFXODWHG LQ WKLV
ZD\ DUH Sˆ = (., ., ., .) Sˆ = (., ., ., .) DQG
Sˆ = (., ., ., .)ZKHUH SˆL = (RˆL (), DˆL , EˆL , PˆL )ZLWK RˆL () WKH LQLWLDO
UDWH RI LGHDV DˆL , EˆL , PˆL DUH UHVSHFWLYHO\ GHFD\ EORFNLQJ DQG PDWFKLQJ UDWHV REWDLQHG
ZLWK WKH RSWLPL]DWLRQ PRGHO ,Q WKH )LJ  WKH VROXWLRQ IXQFWLRQV Rˆ(W), Rˆ(W) DQG Rˆ(W)
FRPSXWHG ZLWK 5XQJH±.XWWD IRXUWK DUH UHSUHVHQWHG E\ GRWHG OLQHV ,Q WKLV H[DPSOH
WKHVH QHZ SDUDPHWHUV Sˆ, Sˆ DQG Sˆ SURYLGH D TXLWH JRRG DSSUR[LPDWLRQ
 )HDVLELOLW\ 7HVWV
2XU IHDVLELOLW\ WHVWV IROORZ URXJKO\ WKH SURFHGXUH DERYH
 3DUDPHWHUV 3 DUH GUDZQ DW UDQGRP
 VROXWLRQ IXQFWLRQV RL (W) DUH FRPSXWHG E\ 5XQJH±.XWWD IRXUWK PHWKRG SUHFLVLRQ
RI ( 
 IURP WKHVH VROXWLRQ IXQFWLRQV PHDVXUHV 0 M DUH H[WUDFWHG RQ DOO FRQVHFXWLYH LQWHU
YDOV [D, E] IURP  VXFK DV ∫ ED RL (W)GW =  ZLWK M ∈ [[, ]] DQG E ≤ E M  WKH RSWLPL]HU LV ODXQFKHG ZLWK 0 M LQ WKH QRQFRJQLWLYH SUREOHP SUHYLRXVO\ GH
VFULEHG 
 QHZ SDUDPHWHUV 3ˆM DUH WKHQ FDOFXODWHG E\ WKH RSWLPL]HU
 VROXWLRQ IXQFWLRQV RˆL (W) IURP 3ˆM DUH FRPSXWHG E\ 5XQJH±.XWWD IRXUWK PHWKRG
SUHFLVLRQ RI (
 (UURUV H M,O DUH GHWHUPLQDWHG ZLWK O ∈ [[, ]] DQG O ≥ M 
0RUH SUHFLVHO\ IRXU PHDVXUH VHWV 0 M DUH UHVSHFWLYHO\ H[WUDFWHG RQ LQWHUYDOV
[, ], [, ], [, ] DQG [, ]  7KHVH PHDVXUH VHWV VLPXODWH UHVSHFWLYHO\ WKH
ILUV  PLQ WKH ILUV  PLQ WKH ILUV  PLQ DQG WKH ZKROH VHVVLRQ )RU HDFK PHDVXUH
VHW PRGHO SDUDPHWHUV DQG VROXWLRQ IXQFWLRQV DUH FRPSXWHG  DQG 
2XU REMHFWLYH LV WR SUHGLFW WKH LGHDV QXPEHU LQ WKH IXWXUH 7KHUHIRUH ZH GR QRW
FDOFXODWH RQO\ DQ HUURU RQ 0 M EXW DOVR RQ QH[W LQWHUYDOV )RU H[DPSOH IRU 0 LQWHUYDO
[, ] IRXU HUURUV DUH FDOFXODWHG RQ LQWHUYDOV [, ], [, ], [, ] DQG [, ] ,Q WKLV
ZD\ HUURUV JLYH VRPH LQIRUPDWLRQ DERXW WKH VROXWLRQ IXQFWLRQV DFFXUDF\ DIWHU WKH ODVW
PHDVXUH LQ WKH IXWXUH
:H FKRVH WKH IROORZLQJ HUURU FDOFXOXV RQ LQWHUYDO [D, E]
H = ∑QL= | ∫ ED (RˆL (W) − RL (W))GW | FRUUHVSRQGLQJ WR WKH GLIIHUHQFH EHWZHHQ WKH LQLWLDOQXPEHU RI LGHDV DQG WKH RSWLPL]HG QXPEHU RI LGHDV IRU WKH JURXS
,Q RXU WHVW ZH YDU\ WKH JURXS VL]H IURP  WR  )RU HDFK VL]H WKH WHVW SURFHGXUH LV
UHSHDWHG IL H WLPHV IURPZKLFK WKHPHDQ WKH YDULDQFH WKHPLQLPXPDQG WKHPD[LPXP
RI HUURUV DUH FDOFXODWHG
$Q H[WUDFW RI RXU WHVWV UHVXOWV DUH SUHVHQWHG LQ WKH 7DEOH  ,Q WKH ILUV FROXPQ
WKH JURXS VL]H LV SRLQWHG RXW WKH WRWDO VROYLQJ WLPH LV JLYHQ LQ WKH VHFRQG FROXPQ
DQG LQ WKH RWKHU FROXPQV HUURUV DUH FDOFXODWHG RQ FRQVLGHUHG LQWHUYDOV 5RZV FRQWDLQ
LQWHUYDOV RQ ZKLFK PHDVXUHV KDYH EHHQ H[WUDFWHG 7KHVH WHVWV KDYH EHHQ SHUIRUPHG E\
*$06&21237 QRQOLQHDU RSWLPL]HU :H XVHG GHIDXOW FRQILJXUDWLR RSWLRQV RI
&21237 7KH WRWDO VROYLQJ WLPH LQWHJUDWHV WKH *$06¶V FRPSLODWLRQ WLPH DQG WKH
&21237¶V RSWLPL]DWLRQ WLPH
,Q WKH 7DEOH  VROYLQJ WLPH LV GHVFULEHG LQ WKH IROORZLQJ IRUPDW ³PLQXWHVVHFRQGV´
2Q DYHUDJH PRUH WKH JURXS VL]H LV LPSRUWDQW PRUH WKH SUREOHP LV GLIILFXO WR VROYH
7KLV WHQGHQF\ FDQ EH REVHUYHG WKURXJK WKH VROYLQJ WLPH 7KH VROYLQJ WLPH UHPDLQV
UHDVRQDEOH LWV PD[LPXP YDOXH LV  V IRU WHQ SHUVRQV $V ZH FDQ VHH HUURUV DUH QRW WRR
GLIIHUHQW EHWZHHQ PHDVXUH LQWHUYDOV DQG H[WUDSRODWHG LQWHUYDOV 7KLV VHHPV WR FRQILU
WKH DGHTXDF\ RI WKH SURSRVHG DSSURDFK WR WKH SUHGLFWLRQ RI WKH LGHDV QXPEHU LQ WKH
 2Q D 3& FRPSXWHU 3HQWLXP 'XDO&RUH ( *+= DQG  *2 5$0 ZKLWK :LQGRZV ;3 RSHUDWLQJ
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7DEOH  FRQWLQXHG
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 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IXWXUH /HW XV QRWH WKDW RXU HUURU FDOFXOXV LV D FXPXODWLYH FDOFXOXV WKDW LV IRU WZR
SDUWLFLSDQWV LI LQGLYLGXDO HUURUV ZHUH  WKHQ WKH JURXS HUURU ZRXOG EH  'HSHQGLQJ
WR WKH ZD\ RI SURGXFWLRQ GXUDWLRQ LV DVVHVVHG WKLV HUURU FDQ RYHUHVWLPDWH HTXDOV WR
 RU XQGHUHVWLPDWH HTXDOV WR  WKH UHDO YDOXH :H LQWHQG WR DVVHVV WKH SURGXFWLRQ
LQWHUYDO [D, E] E\ FRQVLGHULQJ WKDW D LV WKH LQVWDQW RI WKH HQG RI WKH ODVW SURGXFWLRQ DQG
E LV WKH LQVWDQW RI WKH HQG RI WKH FXUUHQW SURGXFWLRQ ,Q PRVW FDVHV WKH H[SUHVVLRQ WLPH
VSHHFK WLPH LV VKRUW LQ WKH LQWHUYDO [D, E] RXU HUURU FDOFXOXV ZLOO WKXV RYHUHVWLPDWH
WKH UHDO H
 'LVFXVVLRQ
2XU DSSURDFK SUHVHQWHG HDUOLHU VHHPV DSSURSULDWH WR SUHGLFW LGHDV QXPEHU XVLQJ GLI
IHUHQWLDO HTXDWLRQV EDVHG RQ PRGHOV :H EHOLHYH WKDW WKLV DSSURDFK FDQ EH XVHIXO LQ
VHYHUDO RWKHU VLWXDWLRQV LI ZH DGDSW WKH JHQHULF RSWLPL]DWLRQ PRGHO
6RPH LPSRUWDQW DGYDQWDJHV RI WKLV DSSURDFK DUH
± PRGHO SDUDPHWHUV FDQ EH FDOFXODWHG RQO\ ZLWK PHDVXUHV WKURXJK WKH RSWLPL]DWLRQ
PRGHO
± WKH VROYLQJ WLPH RI WKH RSWLPL]DWLRQ PRGHO FDQ EH IDVW
± LW FDQ EH XVHG ZKHQ WKH VROXWLRQ IXQFWLRQV RI GLIIHUHQWLDO HTXDWLRQV DUH QRW NQRZQ
RU LI WKH\ ZHUH NQRZQ ZKHQ WKH LQWHJUDO IXQFWLRQV UHPDLQ XQNQRZQ
± LW SURFHVVHV FDVHV ZKHUH PHDVXUHV RYHUODS
2I FRXUVH WKLV DSSURDFK VKRZV DOVR VRPH GLVDGYDQWDJHV
± 7KH QXPHULFDO PHWKRG SURYLGHV DQ DSSUR[LPDWLRQ RI VROXWLRQ IXQFWLRQV
± WKH RSWLPL]DWLRQ PRGHO UHTXLUHV DQ KDQG FRQILJXUDWLR E\ GHILQLQ WKH SUHFLVLRQ
[L SRLQWV WKH PRGHO SDUW RI WKH REMHFWLYH IXQFWLRQ DQG HUURUV UDQJH
± 7KH (XOHU¶V PHWKRG LV YHU\ VHQVLWLYH WR WKH IXQFWLRQ YDULDWLRQV LQVLGH GHILQH VWHSV
[L+ − [L  $V WKH VORSH RI WKH VWUDLJKW OLQH LV FDOFXODWHG RQO\ DW WKH VWDUW RI VWHSV
[L  LI WKH VORSH VWURQJO\ YDULHV WKDW LV VORSH LQ RWKHUV SRLQWV LV YHU\ GLIIHUHQW
WKHQ WKH (XOHU¶V OLQHDU DSSUR[LPDWLRQ FRXOG EH UHDOO\ ZURQJ
2XU IHDVLELOLW\ WHVW FRQILUP WKDW WKH SUHVHQWHG RSWLPL]DWLRQ PRGHO FRXOG EH XVHG
WR GHWHUPLQH SDUDPHWHUV RI WKH QRQFRJQLWLYH PRGHO GXULQJ D EUDLQVWRUPLQJ VHVVLRQ
RQO\ ZLWK WKH NQRZOHGJH RI LGHDV SURGXFWLRQ GXUDWLRQ 0RUHRYHU VROXWLRQ IXQFWLRQV
GHWHUPLQHG ZLWK WKHVH FRPSXWHG SDUDPHWHUV DOORZ WKH SUHGLFWLRQ RI LGHDV QXPEHU LQ
WKH IXWXUH DIWHU WKH H[SUHVVLRQ RI WKH ODVW LGHD
 &RJQLWLYH 0RGHO RI %UDLQVWRUPLQJ
7KH FRJQLWLYH PRGHO XVHG LQ WKLV SDUW LV PRUH FRPSOH[ WKDQ WKH QRQFRJQLWLYH PRGHO
VHH %URZQ DQG 3DXOXV  :H ZLOO VKRZ WKDW WKLV FRJQLWLYH PRGHO LV RXW RI WKH
DSSOLFDELOLW\ VFRSH RI WKH SUHYLRXV JHQHULF RSWLPL]DWLRQ PRGHO $ PRUH DFFXUDWH QHZ
PRGHO ZLOO EH SURSRVHG WR VROYH SUREOHPV SRVHG E\ WKH FRJQLWLYH PRGHO 7KLV JHQ
HUDO RSWLPL]DWLRQ PRGHO ZLOO EH DGDSWHG WR WKH FRJQLWLYH PRGHO RI EUDLQVWRUPLQJ DQG
ZH ZLOO WHVW LWV IHDVLELOLW\ RQ DUWLILFLD WHVWV $V IRU WKH QRQFRJQLWLYH PRGHO ZH ZLOO
GLVFXVV WKH WHVWV DGYDQWDJHV DQG GLVDGYDQWDJHV RI WKLV QHZ RSWLPL]DWLRQ PRGHO
 0DWKHPDWLFDO 0RGHO
,Q WKH FRJQLWLYH PRGHO WKUHH FRJQLWLYH SURFHVVHV DUH LQWURGXFHG LGHD JHQHUDWLRQ LGHD
PHPRU\ DQG LGHD RXWSXW 7KLV PRGHO DVVXPHV WKDW D SDUWLFLSDQW JHQHUDWHV LGHDV JHQ
HUDWLRQ SURFHVV DQG VWRUHV WKHP LQ VKRUWWHUP PHPRU\ PHPRUL]DWLRQ SURFHVV DQG
WKHQ HYHQWXDOO\ H[WUDFWV VRPH RI WKHP IURP LWV VKRUWWHUP PHPRU\ WR H[SUHVV WKHP
RXWSXW SURFHVV
)RU HDFK SDUWLFLSDQW L RI D JURXS RI VL]H Q WKLV PRGHO LV UHSUHVHQWHG E\ WKH IROORZLQJ
WKUHH HTXDWLRQV
GJL (W)





GW = −FL VL (W)+ JL (W)− RL (W) ZLWK JL (W) ≥   ≤ VL (W) ≤ .  RL (W) ≥ 
DQG W ∈ [,+∞[
GRL (W)
GW = −GLRL (W)+ UL VL (W)− IL
∑
M 6=L
R M (W)+ PL

 Q − 
∑
M 6=L
R M (W)− RL (W)


ZKHUH JL (W) GHVFULEHV WKH UDWH RI JHQHUDWHG LGHDV E\ WKH SDUWLFLSDQW L RYHU WLPH LW
GHFD\V DW WKH UDWH DL  7KLV PRGHO FRQVLGHUV WKH SURGXFHG LGHDV RXWSXWV RI RWKHU SDU
WLFLSDQWV EORFN WKH LGHDV UDWH RI L DW WKH UDWH EL  VL (W) LV WKH QXPEHU RI LGHDV LQ WKH
VKRUWWHUP PHPRU\ FL LV WKH IRUJHW UDWH $V IRU WKH QRQFRJQLWLYH PRGHO RL (W) LV WKH
LGHDV UDWH ZKLFK GHFD\ DW WKH UDWH GL  IL DQG PL DUH UHVSHFWLYHO\ WKH EORFNLQJ DQG
WKH PDWFKLQJ LQIOXHQFHV 7KH DGGLWLRQDO WHUP UL UHSUHVHQWV WKH UDWH RI LGHDV H[WUDFWHG
IURP WKH PHPRU\ ,Q WKLV PRGHOOLQJ LGHDV FRPH IURP WKH LGHD JHQHUDWLRQ SURFHVV
DQG WKHQ DUH VWRUHG LQ PHPRU\ PHPRUL]DWLRQ SURFHVV DQG WKHQ DUH RXWSXWWHG RXWSXW
SURFHVV 7KXV DW WKH VHVVLRQ EHJLQQLQJ W =  WKH JHQHUDWLRQ DQG PHPRUL]DWLRQ
UDWHV DUH HTXDO WR ]HUR RL () = VL () = 
$V &RVNXQ DQG <LOPD]  WR EH PRUH UHDOLVWLF VRPH SK\VLFDO FRQVWUDLQWV KDYH
EHHQ DGGHG 7KHVH FRQVWUDLQWV VWDWH WKDW WKH UDWH RI JHQHUDWHG LGHDV JL (W) WKH UDWH
RI LGHDV LQ PHPRU\ VL (W) DQG WKH UDWH RI H[SUHVVHG LGHDV RL (W) PXVW EH SRVLWLYH RU
QXOO 0RUHRYHU WKH PHPRU\ FDSDFLW\ LV QRW FRQVLGHUHG LQILQLW EXW LV OLPLWHG WR WKH
FRQVWDQW YDOXH . 
7KH LPSDFW RI EORFNLQJ IDFWRU RQ LGHDV QXPEHU LV IRUPDOL]HG LQ WKH VDPH PDQQHU
DV LQ QRQFRJQLWLYH PRGHO %ORFNLQJ LQIOXHQFH ERWK JHQHUDWLRQ DQG RXWSXW SURFHVVHV
,Q WKH JHQHUDWLRQ SURFHVV LGHDV H[SUHVVHG E\ RWKHUV DUH DVVXPHG WR FDSWLYDWH D ELW RI
DWWHQWLRQ RI D SDUWLFLSDQW DQG WKHUHIRUH PD\ KDYH WKH HIIHFW RI LQKLELWLQJ LWV WUDLQ RI
WKRXJKW:KHQ VRPHRQH VSHDNV XVXDOO\ WKH RWKHUV ZLOO QRW KDYH WRRPXFK WKH GHVLUH WR
VSHDN DW WKH VDPH WLPH WKLV EHKDYLRU LV IRUPDOL]HG E\ WKH EORFNLQJ IDFWRU LQ WKH RXWSXW
VWDJH 2Q WKH RWKHU KDQG WKH PDWFKLQJ RQO\ DIIHFWV WKH RXWSXW SURFHVV DQG VKDUHV WKH
VDPH PDWKHPDWLFDO UHSUHVHQWDWLRQ ZLWK WKH QRQFRJQLWLYH PRGHO
)RU H[DPSOH LQ WKH)LJ  WKH FRJQLWLYHPRGHO LV SORWWHG IRU D JURXSRI WZRPHPEHUV
,Q WKLV ILJXUH SDUDPHWHUV YHFWRUV XVHG DUH S = (., , , ., ., .,
., ., ., .) DQG S = (., , , ., ., ., ., .,
., .) ZKHUH SL = (JL (), VL (), RL (), DL , EL , FL , GL , UL , IL ,PL ) DUH WKH SDUDP
HWHUV YHFWRU RI SDUWLFLSDQW L DQG JL () LV WKH LQLWLDO UDWH RI LGHDV QXPEHU DL WKH GHFD\
UDWH DQG EL WKH EORFNLQJ UDWH IRU WKH LGHD JHQHUDWLRQ SURFHVV VL () DOZD\V HTXDO WR ]HUR
LV WKH LQLWLDO UDWH RI LGHDV QXPEHU LQ PHPRU\ DQG FL WKH IRUJHW UDWH RL () DOVR HTXDO
WR ]HUR LV WKH LQLWLDO UDWH RI LGHDV QXPEHU H[SUHVVHG GL , UL , IL DQG PL DUH UHVSHFWLYHO\
WKH GHFD\ H[WUDFWHG EORFNLQJ DQG PDWFKLQJ UDWHV RI WKH RXWSXW SURFHVV
7KH QXPHULFDO 5XQJH±.XWWD PHWKRG IRXUWK RUGHU KDV EHHQ XVHG WR FRPSXWH VROX
WLRQ IXQFWLRQV RI HDFK FRJQLWLYH SURFHVV $V IRU WKH QRQFRJQLWLYH PRGHO GXH WR PRGHO
FRPSOH[LW\ LW LV QRW DOZD\V SRVVLEOH WR ILQ VROXWLRQ IXQFWLRQV LQ WKH IRUP RI DQDO\WL
FDO IXQFWLRQV WKHQ ZH ZLOO XVH QXPHULFDO PHWKRGV WR DSSUR[LPDWH WKH DERYH VROXWLRQ
IXQFWLRQV
 :LWK D VWHS RI (
D E
F
)LJ  ([DPSOH RI FRJQLWLYH PRGHO ZLWK D JURXS RI WZR PHPEHUV D *HQHUDWLRQ SURFHVV E *HQHUDWLRQ
SURFHVV F 2XWSXW SURFHVV
 5XQJH±.XWWD %DVHG *HQHULF 2SWLPL]DWLRQ 0RGHO IRU 3DUDPHWHUV &DOFXODWLRQ
8QIRUWXQDWHO\ LQPRVW FDVHV WKH SUHYLRXV JHQHULF RSWLPL]DWLRQPRGHO EDVHG RQ(XOHU¶V
PHWKRG FDQ QRW EH XVHG IRU WKH FRJQLWLYH PRGHO 7R LOOXVWUDWH WKLV SUREOHP OHW XV FRQ
VLGHU WKH FRJQLWLYH PRGHO SUHVHQWHG LQ )LJ D 7KLV PRGHO LV WKH VDPH DV LQ )LJ 
VDPH SDUDPHWHUV YHFWRUV 6ROXWLRQ IXQFWLRQV IXOO OLQHV DUH FDOFXODWHG E\ 5XQJH±
.XWWD¶V IRXUWK PHWKRG ZLWK D VWHS RI ( )URP WKHVH IXQFWLRQV PHDVXUH LQWHUYDOV
[D, E] FRUUHVSRQGLQJ WR D VXUIDFH RI RQH ∫ ED RL (W)GW =  DUH H[WUDFWHG $V LQ RXUSUHYLRXV RSWLPL]DWLRQ PRGHO (XOHU¶V PHWKRG LV DSSOLHG RQ WKHVH PHDVXUH LQWHUYDOV
WKHUHE\ GHILQLQ RXU (XOHU¶V VROXWLRQ IXQFWLRQV GRWHG OLQHV $V ZH FDQ VHH LQ WKH
)LJ D WKH DSSUR[LPDWLRQ FDXVHG E\ (XOHU¶V IXQFWLRQV LV WRR EDG DQG ZLOO UHVXOW LQ DQ
LQIHDVLEOH RSWLPL]DWLRQ SUREOHP
,Q WKLV G\QDPLF PRGHO WKH YDULDWLRQ RI LGHDV UDWH LQVLGH PHDVXUH LQWHUYDOV FDQ EH
LPSRUWDQW ,Q WKLV FDVH WKH (XOHU¶V PHWKRG LV QRW VXLWDEOH VHH WKH GLVDGYDQWDJHV SUHYL
RXVO\ GLVFXVVHG 2QH ZD\ WR DGGUHVV WKLV SUREOHP ZRXOG EH WR LQFUHDVH WKH SUHFLVLRQ
E\ GHFUHDVLQJ WKH VWHS +RZHYHU WKLV DSSURDFK HQWDLOV DQ LQFUHDVH QXPEHU RI GHFLVLRQ
YDULDEOHV UHVXOWLQJ LQ D PRUH FRPSOH[ RSWLPL]DWLRQ PRGHO WKDW ZLOO LQFUHDVH DOVR WKH
VROYLQJ WLPH ,Q WKH H[DPSOH RI )LJ  D VWHS RI ( FDQ EH XVHG QHYHUWKHOHVV
D E
)LJ  ([DPSOH RI FRJQLWLYH PRGHO ZLWK D JURXS RI WZR PHPEHUV D (XOHU¶V PHWKRG RQ PHDVXUH LQWHUYDOV
E 5XQJH±.XWWD¶V IRXUWK PHWKRG RQ PHDVXUH LQWHUYDOV
WKLV ZRXOG JHQHUDWH  PRUH [L YDULDEOHV $QRWKHU ZD\ WR GHDO ZLWK WKLV SUREOHP
ZRXOG EH WR FKDQJH WKH QXPHULFDO PHWKRG WR D PRUH SUHFLVH :H FKRVH WKLV VHFRQG
DSSURDFK E\ XVLQJ WKH 5XQJH±.XWWD¶V IRXUWK QXPHULFDO PHWKRG IRU VROYLQJ ILUV RUGHU
RUGLQDU\ GLIIHUHQWLDO HTXDWLRQV $V ZH FDQ VHH LQ )LJ E LQ WKH SUHYLRXV H[DPSOH WKH
5XQJH±NXWWD¶V PHWKRG ZDV DSSOLHG WR PHDVXUH LQWHUYDOV DQG SURYLGHV D VDWLVIDFWRU\
DSSUR[LPDWLRQ
7KH IRXUWK RUGHU 5XQJH±.XWWD¶V PHWKRG DV (XOHU¶V PHWKRG GHWHUPLQHV D OLQHDU
DSSUR[LPDWLRQ RI VROXWLRQ IXQFWLRQV RI ILUV RUGHU GLIIHUHQWLDO HTXDWLRQV /HW XV FRQ
VLGHU WKH ILUV RUGHU GLIIHUHQWLDO HTXDWLRQ G\G[ = I ([, \) ZLWK LQLWLDO YDOXH \(D) = \R
DQG I[\ LV D NQRZQ IXQFWLRQ GHILQH RQ DQ LQWHUYDO , = [D, E] /HW K = E−DQ EH DUHDO SRVLWLYH QXPEHU ZKHUH Q LV WKH QXPEHU RI FRQVLGHUHG SRLQWV 7KH UHDO K LV FDOOHG
³VWHS´ DQG LW LV WKH VWHS VL]HV EHWZHHQ WKH SRLQWV [, [, . . . , [Q 
7KH IRUWK RUGHU 5XQJH±.XWWD¶V PHWKRG FRQVLGHUV WZR VHTXHQFHV RI UHDO QXPEHUV
[L DQG \L IRU DOO L ∈ [[, Q − ]] VXFK WKDW [L+ = [L + K DQG \L+ = \L + K.L ZLWK
.L = NL +NL +NL +NL ZKHUH
NL = I ([L , \L ), NL LV WKH VORSH DW [L LQWHUYDO EHJLQQLQJ
NL = I
(





, NL LV WKH VORSH DW [L + K LQWHUYDO PLGGOH
XVLQJ NL DV VORSH
NL = I
(





, NL LV WKH VORSH DW WKH LQWHUYDO PLGGOH
XVLQJ NL DV VORSH
NL = I ([L + K, \L + KNL ), NL LV WKH VORSH DW [L + K LQWHUYDO HQG
XVLQJ NL DV VORSH
7KH YDOXHV LQ LQLWLDO FRQGLWLRQ DUH UHVSHFWLYHO\ [ = D DQG \ = \(D) 7KH OLQHDU
DSSUR[LPDWLRQ IXQFWLRQ RI \([) RQ , LV JLYHQ E\ φ([) = .L [ + \L − .L [L IRU DOO
[ ∈ [[L , [L+] DQG φ([) = \ ,Q WKH SDSHU ZKHQ ZH ZLOO PHQWLRQ 5XQJH±.XWWD¶V
PHWKRG ZH ZLOO UHIHU WR WKH IRXUWK RUGHU 5XQJH±.XWWD¶V PHWKRG
7R ILQ SDUDPHWHUV RI WKH FRJQLWLYH PRGHO IURP PHDVXUHV 0D,E,L = ∫ ED \(W)GW RQ









HL + IGP (S)
)
ZKHUH P LV WKH QXPEHU RI PHDVXUHV
&RQVWUDLQWV KL = ([L+ − [L ) IRU DOO L ∈ [[,P − ]]\L+ = \L + KL .L IRU DOO L ∈ [[,P − ]]
.L = N
L +NL +NL +NL IRU DOO L ∈ [[,P − ]]NL = I ([L , \L , S) IRU DOO L ∈ [[,P − ]]
NL = I ([L + KL , \L + KL NL , S) IRU DOO L ∈ [[,P − ]]
NL = I ([L + KL , \L + KL NL , S) IRU DOO L ∈ [[,P − ]]NL = I ([L + KL , \L + KL NL , S) IRU DOO L ∈ [[,P − ]]




6 M + HL IRU DOO L ∈ [[,P]]
'DWD 0D,E,L LV WKH L WK PHDVXUH RQ [D, E][L VRUWHG DEFLVVD RI FRQVLGHUHG SRLQWVKL WKH VWHS
α HUURUV ZHLJKW
RUG(X) UHWXUQV WKH SRVLWLRQ RI X LQ [ 
'HFLVLRQ
9DULDEOHV
I GLIIHUHQWLDO HTXDWLRQ G\G[ = I ([, \, S) RI WKH PRGHO
S SDUDPHWHUV LQ GLIIHUHQWLDO HTXDWLRQ
.L  NL  NL  NL DQG NL DUH 5XQJH±.XWWD¶V VORSHV\L SRLQWV GHWHUPLQHG E\ WKH 5XQJH±.XWWD¶V OLQHDU DSSUR[LPDWLRQ6L WUDSH]RLG DUHD ZLWK KHLJKW [L+ − [L IGP REMHFWLYH IXQFWLRQ UHODWHG WR GLIIHUHQWLDO HTXDWLRQHL HUURU RI WKH L WK PHDVXUH
,Q WKLV QHZ RSWLPL]DWLRQ PRGHO RQO\ WKH QXPHULFDO PHWKRG KDV EHHQ FKDQJHG $V
5XQJH±.XWWD¶V DQG (XOHU¶V PHWKRGV SURYLGH D OLQHDU DSSUR[LPDWLRQ WKH RSWLPL]DWLRQ
PRGHO LV LGHQWLFDO WR WKH (XOHU EDVHG RSWLPL]DWLRQ PRGHO SUHVHQWHG SUHYLRXVO\ H[FHSW
WKDW (XOHU¶V VORSHV DUH UHSODFHG E\ 5XQJH±.XWWD¶V VORSHV
 2SWLPL]DWLRQ 0RGHO IRU 3DUDPHWHUV &DOFXODWLRQ RI &RJQLWLYH 0RGHO
7R GHWHUPLQH SDUDPHWHUV RI WKH FRJQLWLYH PRGHO WKH 5XQJH±.XWWD EDVHG JHQHULF RSWL
PL]DWLRQ PRGHO LV DSSOLHG :H XVHG WKH VDPH FRPSURPLVH EHWZHHQ SUHFLVLRQ DQG
VROYLQJ WLPH E\ FKRRVLQJ DV 5XQJH±.XWWD¶V SRLQWV WKH VWDUW DQG WKH HQG RI PHDVXUH
LQWHUYDOV 0RUHRYHU WKH LQWHUYDO PHDVXUH H[WUHPLWLHV DUH GHWHUPLQHG LQ WKH ZD\ WKDW









HL,N + IGP (DN , EN , FN , GN , IN ,PN )
)
ZKHUH P LV WKH QXPEHU RI PHDVXUHV














(GN − .) + 
Q∑
N=




(PN − .) ZLWK Q WKH JURXS VL]H DQG N ∈ [[, Q]]
&RQVWUDLQWV IRU DOO L ∈ [[,P − ]] N ∈ [[, Q]] DQG S ∈ [[, ]]
 KL = WL+ − WL  XL,N, = JL,N 
 XL,N, = PD[
(
, JL,N + KL+ I JL,N,
)

 XL,N, = PD[
(
, JL,N + KL+ I JL,N,
)

 XL,N, = PD[
(
, JL,N + KL+ I JL,N,
)

 vL,N, = VL,N 
 vL,N, = PD[
(
, VL,N + KL+ I VL,N,
)

 vL,N, = PD[
(
, VL,N + KL+ I VL,N,
)

 vL,N, = PD[
(
, VL,N + KL+ I VL,N,
)

 wL,N, = RL,N 
 wL,N, = PD[
(
, RL,N + KL+ I RL,N,
)

 wL,N, = PD[
(
, RL,N + KL+ I RL,N,
)

 wL,N, = PD[
(
, RL,N + KL+ I RL,N,
)

 .JL,N = I
J
L,N,+ I JL,N,+ I JL,N,+ I JL,N, 
 .VL,N = I
VL,N,+ I VL,N,+ I VL,N,+ I VL,N, 
 .RL,N = I
RL,N,+ I RL,N,+ I RL,N,+ I RL,N,  JL,N = PD[ (, JL,N + KL+.JL,N) VL,N = PD[ (, VL,N + KL+.VL,N) RL,N = PD[ (, RL,N + KL+.RL,N)




 I VL,N,S = −FNvL,N,S + XL,N,S − wL,N,S 















6 M,N + HL,N LI 0D,E,L,N = 
 P∑
M=RUG(E)
6 M,N + HP,N <  LI 0D,E,N =  DQG 0E,WP ,N <  ZLWK N ∈ [[, Q]]
 DN , EN , FN , GN , IN , UN ∈ [, ] DQG PN ∈ [, ] XL,N,S ≥  vL,N,S ≥  wL,N,S ≥  JL,N ≥  VL,N ≥  RL,N ≥  R,N = V,N =  HL,N ∈ [−., .]'DWD
0D,E,L,N LV WKH L WK PHDVXUH RI WKH SDUWLFLSDQW N RQ [D, E]WL ERXQGDU\ PHDVXUHV LQ FKURQRORJLFDO RUGHUKL PHDVXUHV GXUDWLRQRUG([) UHWXUQV WKH SRVLWLRQ RI [ LQ W 
'HFLVLRQ 9DULDEOHV
DN  EN  FN  GN  IN  UN DQG PN DUH PRGHO¶V SDUDPHWHUV RI SDUWLFLSDQW NXL,N,S  vL,N,S DQG wL,N,S DUH SRLQWV IRU 5XQJH±.XWWD FDOFXODWLRQ.JL,N  .VL,N DQG .RL,N DUH 5XQJH±.XWWD¶V VORSHV IRU JHQHUDWLRQ PHPRU\ DQGRXWSXW SURFHVVHV
JL,N  VL,N DQG RL,N WKH L WK DUH LGHDV UDWH RI SDUWLFLSDQW N IRU JHQHUDWLRQ PHPRU\DQG RXWSXW SURFHVVHV
I JL,N,S  I VL,N,S DQG I RL,N,S DUH GLIIHUHQWLDO HTXDWLRQV RI WKH PRGHOIGP (DN , EN ,PN ) LV WKH G\QDPLF PRGHO SDUW RI REMHFWLYH IXQFWLRQ6L,N LV WKH L WK WUDSH]RLG VXUIDFH IRU SDUWLFLSDQW NHL,N LV WKH HUURU RI WKH L WK PHDVXUH IRU SDUWLFLSDQW N
$V IRU WKH QRQFRJQLWLYH SUREOHP REMHFWLYH IXQFWLRQ PLQLPL]HV HUURUV  DQG WKH
GLVWDQFH WR UHIHUHQFH YDOXHV  7KH UHIHUHQFH YDOXHV XVHG DUH WKRVH WKDW KDYH EHHQ
HVWDEOLVKHG E\ &RVNXQ DQG <LOPD]  ,Q WKLV REMHFWLYH IXQFWLRQ WKH PLQLPL]DWLRQ
RI HUURUV FRHIILFLHQ RI   LV SUHIHUUHG WR WKH PLQLPL]DWLRQ RI GLVWDQFHV EHWZHHQ IDFWRUV DQG WKHLU UHIHUHQFH YDOXHV FRHIILFLHQ RI   ,Q RXU QRWDWLRQ J V DQG RPHDQ WKDWWKH GHVLJQDWHG YDULDEOHV UHIHU WR WKH JHQHUDWLRQ PHPRUL]DWLRQ DQG RXWSXW SURFHVVHV
7KH FRQVWUDLQWV EHWZHHQ  DQG  GHVFULEH WKH DSSOLFDWLRQ RI WKH 5XQJH±.XWWD
PHWKRG IRU WKHVH SURFHVVHV 7KH YDULDEOHV I JL,N, RU I VL,N, I RL,N, FRUUHVSRQG WR N
5XQJH±.XWWD¶V VORSHV I JL,N, RU I VL,N, I RL,N, WR N I JL,N, RU I VL,N, I RL,N, WR N DQG
D E
F
)LJ  &RJQLWLYH PRGHO ZLWK LQLWLDO DQG IRXQG E\ RSWLPL]DWLRQ SDUDPHWHUV D *HQHUDWLRQ SURFHVV E0HP
RUL]DWLRQ SURFHVV F 2XWSXW SURFHVV
I J RU V RU RL,N, WR N )RU WKH JHQHUDWLRQ SURFHVV WKH YDULDEOHV XL,N, UHSUHVHQW WKH YDULDEOHV
JL,N  XL,N, WKH YDULDEOHV JL,N+ KL+ I JL,N, XL,N, WKH YDULDEOHV JL,N+ KL+ I JL,N, DQG XL,N,
WKH YDULDEOHV JL,N + KL+ I JL,N, ,Q WKDW ZD\ I JL,N, UHSUHVHQW I (JL,N) I JL,N, UHSUHVHQW
I (JL,N + KL+ N) DQG VR RQ /HW XV QRWH WKDW XL,N,S DUH SRVLWLYH RU QXOO PD[ IXQFWLRQ 7KH YDULDEOHV .JL,N DUH WKH ILQD VORSHV RI 5XQJH±.XWWD¶V PHWKRG 7KH VDPH
IRUPDOL]DWLRQ LV XVHG IRU RWKHU SURFHVVHV DQG WKH UHVW RI FRQVWUDLQWV DUH LGHQWLFDO WR
WKH QRQFRJQLWLYH SUREOHP
:H DSSOLHG WKH RSWLPL]DWLRQ PRGHO GHVFULEHG DERYH RQ PHDVXUHV H[WUDFWHG IURP
WKH PRGHO RI WKH )LJ  7KH SDUDPHWHUV REWDLQHG E\ WKH RSWLPL]HU DUH  Sˆ =
(., , , , ., , ., ., ., .) DQG Sˆ = (., , , , .,
, ., ., ., .) ,Q WKH)LJ  LQLWLDO DQG FRPSXWHGE\RSWLPL]DWLRQ VROX
WLRQ IXQFWLRQV DUH UHVSHFWLYHO\ SORWWHG LQ IXOO OLQHV DQG LQ GRWWHG OLQHV $V ZH FDQ VHH
LQ )LJ  LQ WKH RXWSXW SURFHVV WKH DSSUR[LPDWLRQ SURYLGHG LV TXLWH JRRG ,Q PDQ\
FDVHV PDQ\ VROXWLRQV IXQFWLRQV H[LVW IRU WKH VDPH RXWSXW VROXWLRQ IXQFWLRQV ZKLFK H[
 7KH LQLWLDO PRGHO XVHV S DQG S SDUDPHWHUV DQG WKH FRPSXWHG E\ RSWLPL]DWLRQ PRGHO Sˆ DQG Sˆ ,QERWK PRGHOV VROXWLRQ IXQFWLRQV DUH FDOFXODWHG E\ IRXUWK RUGHU 5XQJH±.XWWD¶V PHWKRG ZLWK D VWHS RI (
SODLQV ZK\ LQ WKH H[DPSOH RI WKH )LJ  WKH JHQHUDWLRQ DQG WKH PHPRUL]DWLRQ VROXWLRQ
IXQFWLRQV DUH TXLWH GLIIHUHQW WR WKH LQLWLDO RQHV
 )HDVLELOLW\ 7HVWV
7KH SURSRVHG IHDVLELOLW\ WHVWV IROORZ WKH VDPH SURFHGXUH WKDQ WKRVH RI WKH QRQFRJQL
WLYH PRGHO 3DUDPHWHUV DUH GUDZQ DW UDQGRP DQG VRPH PHDVXUHV DUH H[WUDFWHG )URP
WKHVH PHDVXUHV WKH 5XQJH±.XWWD EDVHG RSWLPL]DWLRQ PRGHO LV DSSOLHG SURYLGLQJ QHZ
SDUDPHWHUV DQG DQ HUURU LV FDOFXODWHG 0HDVXUHV DUH H[WUDFWHG RQ IRXU LQWHUYDOV >@
>@ >@ DQG >@ DQG HUURUV DUH GHWHUPLQHG RQ WKHVH IRXU LQWHUYDOV DOORZLQJ
XV WR WHVW SUHGLFWLRQV )RU HDFK VL]H WKH SURFHGXUH LV UHSHDWHG IL H WLPHV
$Q H[WUDFW RI RXU WHVWV UHVXOWV DUH SUHVHQWHG LQ WKH 7DEOH  7KHVH WHVWV KDYH EHHQ SHU
IRUPHG E\ *$06&21237 QRQOLQHDU RSWLPL]HU ,Q RXU XVH FRQWH[W WKH VROYLQJ
SURFHVV PXVW QRW WDNH WRR PXFK WLPH ZH WKXV FKRRVH WR OLPLW WKH RSWLPL]DWLRQ WLPH WR
 PLQ VHW LQ FRQILJXUDWLR RSWLRQV RI &21237 $V SUHYLRXVO\ WKH WRWDO VROYLQJ
WLPH LQWHJUDWHV WKH *$06¶V FRPSLODWLRQ WLPH DQG WKH &21237¶V RSWLPL]DWLRQ WLPH
/HW XV QRWH WKDW IRU JURXSV RI  DQG PHPEHUV WKH VROYLQJ WLPH H[FHHGV WKH OLPLW RI
 PLQXWHV WKLV LV GXH WR WKH *$06 FRPSLODWLRQ WLPH ,Q DGGLWLRQ IRU WKHVH JURXSV
WKH RSWLPL]HU GLG QRW FRPSOHWH LWV RSWLPL]DWLRQ SURFHVV DQG WKHUHIRUH GLG QRW SURYLGH
WKH ORFDOO\ RSWLPDO VROXWLRQ EXW RQO\ D IHDVLEOH VROXWLRQ 7KLV H[SODLQV ZK\ WKH VROYLQJ
WLPH LV DSSUR[LPDWHO\ FRQVWDQW DERXW  PLQ
7KH HUURUV DUH QRW WRR GLIIHUHQW EHWZHHQ PHDVXUH LQWHUYDOV DQG H[WUDSRODWHG LQWHU
YDOV ZKLFK VHHPV WR FRQILU WKH DGHTXDF\ RI WKH 5XQJ±.XWWD EDVHG RSWLPL]DWLRQ
PRGHO WR RXU SUHGLFWLRQ FRQWH[W 0RUHRYHU WKLV RSWLPL]DWLRQ PRGHO FDQ EH GLUHFWO\
DSSOLHG WR JURXSV RI VPDOO VL]H IURP  WR  +RZHYHU LW UHTXLUHV IXUWKHU GHYHORS
PHQWV WR UHGXFH WKH VROYLQJ WLPH IRU JURXSV ODUJHU WKDQ  ,Q RXU WHVWV WKH VROYLQJ WLPH
H[FHHGV WKH OLPLW RI  PLQ IRU JURXSV RI  SDUWLFLSDQWV
 'LVFXVVLRQ
7KH SUHVHQWHG IRXUWK RUGHU 5XQJH±.XWWD EDVHG RSWLPL]DWLRQ PRGHO FDQ EH XVHG ZKHQ
(XOHU¶V PHWKRG LV QRW HQRXJK SUHFLVH DQG FRXOG UHVXOW WR DQ LQIHDVLEOH RSWLPL]DWLRQ
SUREOHP 7KLV PHWKRG JHQHUDOO\ LQFUHDVHV WKH SUHFLVLRQ EXW DOVR WKH VROYLQJ WLPH ,W
VKDUHV PDQ\ DGYDQWDJHV DQG GLVDGYDQWDJHV ZLWK (XOHU¶V EDVHG SUREOHP ZKLFK DUH
± $GYDQWDJHV
± 0RGHO SDUDPHWHUV FDQ EH FDOFXODWHG RQO\ IURP PHDVXUHV
± 7KH VROYLQJ FDQ EH HYHQ IDVW DV IRU VPDOO JURXSV LQ RXU WHVWV
± ,W FDQ EH XVHG ZKHQ VROXWLRQ IXQFWLRQV RI GLIIHUHQWLDO HTXDWLRQV DUH XQNQRZQ
RU ZKHQ WKHLU LQWHJUDOV DUH DOVR QRW NQRZQ
± ,W SURFHVVHV FDVHV ZKHUH PHDVXUHV RYHUODS
± ,W LV PRUH SUHFLVH WKDQ (XOHU¶V EDVHG RSWLPL]DWLRQ PRGHO
 2Q D 3& FRPSXWHU 3HQWLXP 'XDO&RUH ( *+= DQG  *2 5$0 ZLWK :LQGRZV ;3 RSHUDWLQJ
V\VWHP
7DEOH  &RJQLWLYH WHVWV UHVXOWV
*URXS VL]H 0HDVXUHV 6ROYLQJ WLPH (UURU [, ] (UURU [, ] (UURU [, ] (UURU [, ]
 [, ] 0HDQ 0HDQ  0HDQ  0HDQ  0HDQ 
9DU  9DU  9DU  9DU  9DU 
0LQ  0LQ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± 'LVDGYDQWDJHV
± (YHQ LI WKH PRGHO LV PRUH SUHFLVH 5XQJH±.XWWD¶V PHWKRG SURYLGHV DQ DSSUR[
LPDWLRQ RI VROXWLRQ IXQFWLRQV
± 7KH RSWLPL]DWLRQ PRGHO UHTXLUHV DQ PDQXDO FRQILJXUDWLRQ
± $V (XOHU¶V PHWKRG 5XQJH±NXWWD¶V PHWKRG LV DOVR VHQVLWLYH RI IXQFWLRQ YDULD
WLRQV LQVLGH VWHSV [L+ − [L 
,Q RXU DSSOLFDWLRQ FRQWH[W ZH LQWHQG WR GHWHUPLQH SDUDPHWHUV RI G\QDPLF PRGHOV
GXULQJ WKH EUDLQVWRUPLQJ VHVVLRQ ZLWK WKH SUHVHQWHG RSWLPL]DWLRQ PRGHOV 7KDQNV WR
WKHVH FDOFXODWHG SDUDPHWHUV ZH ZLOO EH DEOH WR SUHGLFW WKH QXPEHU RI LGHDV LQ WKH
VHVVLRQ IXWXUH 7KHUHIRUH LW GRHV QRW QHFHVVDULO\ QHHG WR FRPSXWH QHZ SDUDPHWHUV
DIWHU HDFK PHDVXUH LGHD ,QGHHG LI FXUUHQW PHDVXUHV ZHOO IL WR WKH VROXWLRQV IXQF
WLRQV GHWHUPLQHG EHIRUH ZLWK SUHYLRXV LGHDV LW LV QRW UHTXLUHG WR UHDSSO\ WKH SURSRVHG
RSWLPL]DWLRQ PRGHOV
,Q WKHLU H[SHULPHQWDWLRQV &RVNXQ DQG <LOPD]  QRWHG WKDW LQ WKH ILUV KDOI RI
WKH EUDLQVWRUPLQJ VHVVLRQ WKH QRQFRJQLWLYH PRGHO ILW EHWWHU WR WKH QXPEHU RI LGHDV
UHFRUGHG WKDQ WKH FRJQLWLYH PRGHO DQG FRQYHUVHO\ WKH FRJQLWLYH PRGHO ZDV EHWWHU LQ
WKH VHFRQG KDOI RI WKH VHVVLRQ 7KHUHIRUH WKH XVH RI WKH ERWKPRGHOV QRQFRJQLWLYH DQG
FRJQLWLYH DQG RXU ERWK RSWLPL]DWLRQ PRGHOV (XOHU EDVHG DQG 5XQJH±.XWWD EDVHG
FRXOG EH LQWHUHVWLQJ IRU WKH SUHGLFWLRQ RI LGHDV QXPEHU
 &RQFOXVLRQ
,Q WKLV SDSHU ZH SUHVHQWHG DQ DSSURDFK DOORZLQJ WKH SUHGLFWLRQ RI LGHDV QXPEHU GXULQJ
D EUDLQVWRUPLQJ VHVVLRQ 7KLV SUHGLFWLRQ LV EDVHG RQ WZR G\QDPLF PRGHOV RI EUDLQ
VWRUPLQJ WKH QRQFRJQLWLYH DQG WKH FRJQLWLYH PRGHOV SURSRVHG E\ %URZQ DQG 3DXOXV
 DQG H[WHQGHG E\ &RVNXQ DQG <LOPD]  7KHVH PRGHOV GHVFULEHV IRU HDFK
SDUWLFLSDQW WKH HYROXWLRQ RI LGHDV QXPEHU RYHU WLPH DFFRUGLQJ WR WKUHH VRFLDO IDFWRUV
GHFD\ EORFNLQJ DQG PDWFKLQJ DQG DUH IRUPDOL]HG E\ GLIIHUHQWLDO HTXDWLRQV 7KH
VROXWLRQ IXQFWLRQV RI WKHVH PRGHOV RIIHU D SUHFLVH GHVFULSWLRQ RI LGHDV QXPEHU RYHU
WLPH 7KURXJK WKHP LW LV WKHQ SRVVLEOH WR FDOFXODWH WKH QXPEHU RI LGHDV RI HDFK SDU
WLFLSDQW RQ DQ\ WLPH LQWHUYDOV DQG WKXV LQ WKH IXWXUH +RZHYHU WR EH DEOH WR FRPSXWH
VROXWLRQ IXQFWLRQV LW LV QHFHVVDU\ WR GHWHUPLQH WKH SDUDPHWHUV RI WKHVH PRGHOV
,Q PDQ\ G\QDPLF PRGHOV DQDO\WLFDO VROXWLRQ IXQFWLRQV RU WKHLU LQWHJUDOV DUH XQ
NQRZQ ,Q RXU DSSURDFK ZH SURSRVH WR XVH RSWLPL]DWLRQ PRGHO IRU PRGHO SDUDPHWHUV
FDOFXODWLRQ LQ ZKLFK VROXWLRQ IXQFWLRQV DUH DSSUR[LPDWHG E\ QXPHULFDO PHWKRGV ,Q
RXU FRQWH[W RI SUHGLFWLRQ ZH ZDQW WR GHWHUPLQH PRGHOV¶ SDUDPHWHUV LQ UHDOWLPH WKDW
LV GXULQJ WKH EUDLQVWRUPLQJ VHVVLRQ WKHUHIRUH WKH WLPH RI SDUDPHWHUV FDOFXODWLRQ LV
YHU\ LPSRUWDQW DQG PXVW EH UHDVRQDEOH
:H GHYHORSHG D JHQHULF RSWLPL]DWLRQ PRGHO EDVHG RQ (XOHU¶V QXPHULFDO PHWKRG
DQG ZH DSSOLHG LW WR WKH QRQFRJQLWLYH PRGHO 7KURXJK DUWLILFLD WHVWV WKLV RSWLPL]DWLRQ
PRGHO DSSHDUV DSSURSULDWH WR WKH SDUDPHWHUV FDOFXODWLRQ RI WKH QRQFRJQLWLYH DQG VDW
LVILH RXU WLPH FRQVWUDLQW 0RUHRYHU WKHVH WHVWV FRQILU WKH DGHTXDF\ RI WKH SURSRVHG
DSSURDFK WR SUHGLFW WKH LGHDV QXPEHU LQ WKH IXWXUH +RZHYHU WKH (XOHU EDVHG JHQHULF
RSWLPL]DWLRQ PRGHO FDQ QRW EH DSSOLHG WR WKH FRJQLWLYH PRGHO RQ PHDVXUH LQWHUYDOV
:H WKHQ SURSRVHG WKH XVH RI D PRUH SUHFLVH QXPHULFDO PHWKRG WKH IRUWK RUGHU 5XQ
JH±.XWWD¶V PHWKRG $ QHZ JHQHULF RSWLPL]DWLRQ PRGHO EDVHG RQ LW IRU SDUDPHWHUV
FDOFXODWLRQ ZDV SUHVHQWHG DQG ZH DSSOLHG LW WR WKH FRJQLWLYH PRGHO 2XU WHVWV VKRZHG
WKH DGHTXDF\ RI WKLV QHZ RSWLPL]DWLRQ PRGHO WR RXU SUHGLFWLRQ FRQWH[W 7KLV RSWLPL
]DWLRQ PRGHO FDQ EH GLUHFWO\ DSSOLHG WR JURXSV RI VPDOO VL]H IURP  WR  KRZHYHU
UHTXLUHV IXUWKHU GHYHORSPHQWV WR UHGXFH SDUDPHWHUV FDOFXODWLRQ WLPH IRU JURXSV ODUJHU
WKDQ 
:H EHOLHYH WKDW RXU DSSURDFK IRU GHWHUPLQLQJ SDUDPHWHUV RI G\QDPLF PRGHOV IURP
PHDVXUHPHQWV FDQ EH XVHIXO LQ PDQ\ RWKHU VLWXDWLRQV HLWKHU E\ DGDSWLQJ WKH JHQHULF
RSWLPL]DWLRQ PRGHOV SURSRVHG RU E\ FKDQJLQJ WKH QXPHULFDO PHWKRG 6RPH DGYDQWD
JHV RI WKLV DSSURDFK DUH PRGHOV SDUDPHWHUV FDQ EH FDOFXODWLQJ RQO\ IURP PHDVXUHV
WKH SDUDPHWHUV FDOFXODWLRQ WLPH PD\ EH VKRUW LW FDQ EH XVHG ZKHQ VROXWLRQ IXQFWLRQV
RU WKHLU LQWHJUDO IXQFWLRQV DUH QRW NQRZQ WKH PHDVXUHV FDQ RYHUODS DQG WKH FKDQJH
RI QXPHULFDO PHWKRG LV UHODWLYHO\ HDV\ 6RPH GLVDGYDQWDJHV DUH QXPHULFDO PHWKRGV
 :KLFK ZH FDOO SUHGLFWLRQ
SURYLGH DQ DSSUR[LPDWLRQ RI VROXWLRQ IXQFWLRQV WKH RSWLPL]DWLRQ PRGHO UHTXLUHV KDQG
FRQILJXUDWLRQ DQG WKH SURSRVHG QXPHULFDO PHWKRGV DUH VHQVLWLYH WR WKH IXQFWLRQ YDUL
DWLRQV LQVLGH VWHSV
7KLV DSSURDFK ZLOO EH WHVWHG RQ IDFH WR IDFH UHDO EUDLQVWRUPLQJ VHVVLRQV E\ XVLQJ
PLFURSKRQHV WRPHDVXUH WKH GXUDWLRQ RI LGHDV SURGXFWLRQ DQG LQ HOHFWURQLF EUDLQVWRUP
LQJ VHVVLRQV E\ XVLQJ D WLPHU 7KURXJK WKHVH H[SHULPHQWDWLRQV LW PLJKW EH SRVVLEOH WR
VWXG\ LQ PRUH GHWDLOV WKH HYHQWXDO G\QDPLF RI WKH VRFLDO IDFWRUV SDUDPHWHUL]DWLRQ RI
WKH G\QDPLF PRGHOV :H DOVR SODQ WR H[WHQG WKLV ZRUN WR LGHDV TXDOLW\ E\ DGDSWLQJ LW
WR WKH %RXQGHG ,GHDWLRQ 7KHRU\ SURSRVHG E\ %ULJJV DQG 5HLQLJ  )LQDOO\ WKH
SURSRVHG SUHGLFWLRQV ZLOO EH LQWHJUDWHG WR RXU HIILFLHQ \ PHDVXUH RI GHFLVLRQ PDNLQJ
PHHWLQJV VHH &DPLOOHUL DQG =DUDW  DQG ZLOO FRQWULEXWH WR RXU *'66 IDFLOLWDWLRQ
WRRO
5HIHUHQFHV
$GOD $ =DUDWp 3 6RXELH -/  $ SURSRVDO RI WRRONLW IRU *'66 IDFLOLWDWRUV *URXS 'HFLV 1HJRW
±
$LW+DGGRX + &DPLOOHUL * =DUDWp 3  3DUDPHWHUV FDOFXODWLRQ RI EUDLQVWRUPLQJ G\QDPLF PRGHOV
,Q 'H 9UHHGH *- HG *URXS GHFLVLRQ DQG QHJRWLDWLRQ *'1 &HQWHU IRU &ROODERUDWLRQ 6FLHQFH
SS ±
%RUJDWWD () %DOHV5)  ,QWHUDFWLRQ RI LQGLYLGXDOV LQ UHFRQVWLWXWHG JURXSV 6RFLRPHWU\ ±
%RVWURP 53 $QVRQ 5 &ODZVRQ 9.  *URXS IDFLOLWDWLRQ DQG JURXS VXSSRUW V\VWHPV *URXS VXSSRUW
V\VWHPV QHZ SHUVSHFWLYHV SS ±
%ULJJV 52 .ROIVFKRWHQ */ GH 9UHHGH *- $OEUHFKW && /XNRVFK 6*  )DFLOLWDWRU LQ D ER[ FRPSXWHU
DVVLVWHG FROODERUDWLRQ HQJLQHHULQJ DQG SURFHVV VXSSRUW V\VWHPV IRU UDSLG GHYHORSPHQW RI FROODERUDWLYH
DSSOLFDWLRQV IRU KLJKYDOXH WDVNV ,Q +,&66 ,((( &RPSXWHU 6RFLHW\ SS ±
%ULJJV 52 5HLQLJ %$  %RXQGHG LGHDWLRQ WKHRU\ - 0DQDJ ,QI 6\VW ±
%URZQ9 3DXOXV 3%  $ VLPSOH G\QDPLFPRGHO RI VRFLDO IDFWRUV LQ JURXS EUDLQVWRUPLQJ 6PDOO *URXS
5HV ±
%URZQ95 3DXOXV 3%  0DNLQJ JURXS EUDLQVWRUPLQJPRUH HIIHFWLYH UHFRPPHQGDWLRQV IURP DQ DVVR
FLDWLYH PHPRU\ SHUVSHFWLYH &XUU 'LU 3V\FKRO 6FL ±
&DPDFKR /0 3DXOXV 3%  7KH UROH RI VRFLDO DQ[LRXVQHVV LQ JURXS EUDLQVWRUPLQJ - 3HUV 6RF 3V\FKRO
±
&DPLOOHUL * =DUDWp 3  7RZDUGV D G\QDPLF HVWLPDWLRQ RI FROOHFWLYH GHFLVLRQPDNLQJ PHHWLQJV HIIL
FLHQF\ ,Q .LOJRXU 0 :DQJ 4 HGV *URXS GHFLVLRQ DQG QHJRWLDWLRQ *'1 ,QVWLWXWH IRU 2SHUDWLRQV
5HVHDUFK DQG WKH 0DQDJHPHQW 6FLHQFHV ,1)2506 SS ±
&RVNXQ +  &RJQLWLYH VWLPXODWLRQ ZLWK FRQYHUJHQW DQG GLYHUJHQW WKLQNLQJ H[HUFLVHV LQ EUDLQZULWLQJ
6PDOO *URXS 5HV ±
&RVNXQ+<LOPD]2  $ QHZG\QDPLFDOPRGHO RI EUDLQVWRUPLQJ OLQHDU QRQOLQHDU FRQWLQXRXV VLPXO
WDQHRXV DQG LPSXOVLYH VHTXHQWLDO FDVHV - 0DWK 3V\FKRO ±
GH 9UHHGH *- 9RJHO '5 .ROIVFKRWHQ */ :LHQ -  )LIWHHQ \HDUV RI JVV LQ WKH ILHOG D FRPSDULVRQ
DFURVV WLPH DQG QDWLRQDO ERXQGDULHV ,Q +,&66 S 
GHQ +HQJVW 0 $GNLQV 0  :KLFK FROODERUDWLRQ SDWWHUQV DUH PRVW FKDOOHQJLQJ D JOREDO VXUYH\ RI
IDFLOLWDWRUV ,Q +,&66 ,((( &RPSXWHU 6RFLHW\ S 
'H5RVD '0 6PLWK &/ +DQWXOD '$  7KH PHGLXPPDWWHUV PLQLQJ WKH ORQJSURPLVHG PHULW RI JURXS
LQWHUDFWLRQ LQ FUHDWLYH LGHD JHQHUDWLRQ WDVNV LQ D PHWDDQDO\VLV RI WKH HOHFWURQLF JURXS EUDLQVWRUPLQJ
OLWHUDWXUH &RPSXW +XP %HKDY ± ,QFOXGLQJ WKH VSHFLDO LVVXH DYRLGLQJ VLPSOLFLW\
FRQIURQWLQJ FRPSOH[LW\ DGYDQFHV LQ GHVLJQLQJ SRZHUIXO HOHFWURQLF OHDUQLQJ HQYLURQPHQWV
'H6DQFWLV * 3RROH06 =LJXUV ,  7KHPLQQHVRWD JGVV UHVHDUFK SURMHFW JURXS VXSSRUW V\VWHPV JURXS
SURFHVVHV DQG RXWFRPHV - $,6  ±
'LHKO 0 6WURHEH :  3URGXFWLYLW\ ORVV LQ EUDLQVWRUPLQJ JURXSV WRZDUG WKH VROXWLRQ RI D ULGGOH
- 3HUV 6RF 3V\FKRO ±
'LHKO 0 6WURHEH :  3URGXFWLYLW\ ORVV LQ LGHDJHQHUDWLQJ JURXSV WUDFNLQJ GRZQ WKH EORFNLQJ HIIHFW
- 3HUV 6RF 3V\FKRO ±
+D\QH 6&  7KH IDFLOLWDWRUV SHUVSHFWLYH RQ PHHWLQJV DQG LPSOLFDWLRQV IRU JURXS VXSSRUW V\VWHPV
GHVLJQ '$7$ %$6( ±±
,VDNVHQ 6*  $ UHYLHZ RI EUDLQVWRUPLQJ UHVHDUFK VL[ FULWLFDO LVVXHV IRU UHVHDUFK 0RQRJUDSK 
&UHDWLYH 3UREOHP 6ROYLQJ *URXS %XIIDOR
.DUDX 6- :LOOLDPV .'  6RFLDO ORDILQJ D PHWDDQDO\WLF UHYLHZ DQG WKHRUHWLFDO LQWHJUDWLRQ - 3HUV
6RF 3V\FKRO ±
/LPD\HP 0  +XPDQ YHUVXV DXWRPDWHG IDFLOLWDWLRQ LQ WKH JVV FRQWH[W 6,*0,6 'DWDEDVH ±
±
/LPD\HP0'H6DQFWLV*  3URYLGLQJ GHFLVLRQDO JXLGDQFH IRUPXOWLFULWHULD GHFLVLRQPDNLQJ LQ JURXSV
,QI 6\VW 5HV ±
0DFDXOD\ /$ $ODEGXONDULP $  )DFLOLWDWLRQ RI HPHHWLQJV 6WDWHRIWKHDUW UHYLHZ ,Q ((( ,(((
&RPSXWHU 6RFLHW\ SS ±
0XOOHQ % -RKQVRQ & 6DODV (  3URGXFWLYLW\ ORVV LQ EUDLQVWRUPLQJ JURXSV DPHWDDQDO\WLF LQWHJUDWLRQ
%DVLF $SSO 6RF 3V\FKRO ±
1LMVWDG %$ 6WURHEH : /RGHZLMN[ +)0  3URGXFWLRQ EORFNLQJ DQG LGHD JHQHUDWLRQ GRHV EORFNLQJ
LQWHUIHUH ZLWK FRJQLWLYH SURFHVVHV" - ([S 6RF 3V\FKRO ±
1XQDPDNHU -) 'HQQLV $5 9DODFLFK -6 9RJHO ' *HRUJH -)  (OHFWURQLF PHHWLQJ V\VWHPV &RPPXQ
$&0 ±
1XQDPDNHU -) =KDR -/%ULJJV52  ,QWHOOLJHQWZRUNIO Z WHFKQLTXHV IRU GLVWULEXWHG JURXS IDFLOLWDWLRQ
,Q +,&66 S 
2VERUQ $)  $SSOLHG LPDJLQDWLRQ SULQFLSOHV DQG SURFHGXUHV RI FUHDWLYH SUREOHPVROYLQJ &KDUOHV
6FULEQHU¶V 6RQV 1HZ <RUN
2[OH\ 1/ ']LQGROHW 07 3DXOXV 3%  7KH HIIHFWV RI IDFLOLWDWRUV RQ WKH SHUIRUPDQFH RI EUDLQVWRUPLQJ
JURXSV - 6RF %HKDY 3HUV ±
3DXOXV 3% ']LQGROHW 07  6RFLDO LQIOXHQF SURFHVVHV LQ JURXS EUDLQVWRUPLQJ - 3HUV 6RF 3V\FKRO
±
6FKZDU] 5  7KH VNLOOHG IDFLOLWDWRU -RVVH\%DVV 3XEOLVKHUV 6DQ )UDQFLVFR
6ROOHU $ 0DUWQH]0RQV $ -HUPDQQ 3 0XHKOHQEURFN 0  )URP PLUURULQJ WR JXLGLQJ D UHYLHZ RI
VWDWH RI WKH DUW WHFKQRORJ\ IRU VXSSRUWLQJ FROODERUDWLYH OHDUQLQJ , - $UWLI ,QWHOO (GXF ±
9LOOHU 6  7KH JURXS IDFLOLWDWRU D FVFZ SHUVSHFWLYH ,Q %DQQRQ /- 5RELQVRQ 0 6FKPLGW . HGV
(&6&: .OXZHU 'RUGUHFKW
9LYDFTXD $ 0DUTXHV / )HUUHLUD 0 GH 6RX]D -  &RPSXWDWLRQDO LQGLFDWRUV WR DVVLVW PHHWLQJ IDFLOL
WDWLRQ *URXS 'HFLV 1HJRW ±
:RQJ = $LNHQ 0:  $XWRPDWHG IDFLOLWDWLRQ RI HOHFWURQLF PHHWLQJV ,QI 0DQDJ ±
